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1 Introduction

Matching logic (ML) [9, 8] was developed by Grigore Roşu and collaborators as a logic for defining
the formal semantics of programming languages and for specifying and reasoning about the behav-
ior of programs. Applicative Matching Logic (AML), a functional variant of ML, was introduced
recently [3] and developed further in [5, 2]
These lecture notes present basic definitions and results on AML, they were written initially as a
theoretical foundation for the implementation of AML in Lean [6]. As such, they are very rigorous,
the proofs are extremely detailed. They can also be used as an introductory text in the theory
of AML. We point out that the definition of patterns in these notes is more general than the one
from [3], as we do not require the positivity of the pattern in the definition of the µ binder.
Monk’s textbook on mathematical logic [7] has an enormous influence on the notes. A number of
notations and results for first-order logic from Monk’s book are adapted to AML. The set-theoretic
notions and properties used in the notes are given in Appendix A.
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2 Language

Definition 2.1. A matching logic signature (or simply signature) is a triple τ = (EV ar, SV ar,Σ),
where

(i) EV ar = {vn | n ∈ N} is a countable set of element variables;

(ii) SV ar = {Vn | n ∈ N} is a countable set of set variables;

(iii) Σ is a set of constants.

The sets EV ar, SV ar and Σ are pairwise disjoint.

Notation 2.2. We denote element variables by x, y, z, v, x1, x2, . . ., set variables by X,Y, Z,X1, X2, . . .
and symbols by σ, f, g, . . ..

In the sequel, τ = (EV ar, SV ar,Σ) is a signature.

Definition 2.3. The set Symτ of τ-symbols is defined as

Symτ = EV ar ∪ SV ar ∪ {⊥,→} ∪ {∃} ∪ {µ} ∪ {Appl} ∪ Σ.

Definition 2.4. The set Exprτ of τ-expressions is the set of all expressions over Symτ .

Definition 2.5. An atomic τ-pattern is an element variable, a set variable, a constant or ⊥.
We shall use the notation AtomicPatternτ for the set of atomic τ -pattern

Definition 2.6. The τ-patterns are the τ -expressions inductively defined as follows:

(i) Every atomic τ -pattern is a τ -pattern.

(ii) If ϕ and ψ are τ -patterns, then Applϕψ is a τ -pattern.

(iii) If ϕ and ψ are τ -patterns, then → ϕψ is a τ -pattern.

(iv) If ϕ is a τ -pattern and x is an element variable, then ∃xϕ is a τ -pattern.

(v) If ϕ is a τ -pattern and X is a set variable, then µXϕ is a τ -pattern.

(vi) Only the expressions obtained by applying the above rules are τ -patterns.

We use the Polish notation in the definition of τ -patterns as this notation allows us unique read-
ability τ -patterns (see Proposition 2.10), a fundamental property.
The set of τ -patterns is denoted by Patternτ and τ -patterns are denoted by ϕ,ψ, χ, . . ..
For any τ -pattern ϕ, we denote by EV ar(ϕ) the set of element variables occuring in ϕ and by
SV ar(ϕ) the set of set variables occuring in ϕ.

Remark 2.7. The definition of τ -patterns can be written using the BNF notation:

ϕ ::=x ∈ EV ar | X ∈ SV ar | σ ∈ Σ | ⊥ | Applϕϕ |→ ϕϕ

| ∃xϕ if x ∈ EV ar

| µXϕ if x ∈ SV ar.
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Definition 2.8 (Alternative definition for τ -patterns).
The set of τ-patterns is the intersection of all sets Γ of τ -expressions that have the following
properties:

(i) Γ contains all atomic τ -patterns.

(ii) Γ is closed to Appl, →, ∃x (for any element variable x), and µX (for any set variable X),
that is:

if ϕ,ψ ∈ Γ, then Applϕψ, → ϕψ, ∃xϕ, µXϕ ∈ Γ.

When the signature τ is clear from the context, we shall say simply pattern(s) and we shall denote
the set of patterns by Pattern, the set of atomic patterns by AtomicPattern, etc..

Proposition 2.9 (Induction principle on patterns).
Let Γ be a set of patterns satisfying the following properties:

(i) Γ contains all atomic patterns.

(ii) Γ is closed to Appl, →, ∃x (for any variable x), and µX (for any set variable X).

Then Γ = Pattern.

Proof. By hypothesis, Γ ⊆ Pattern. By Definition 2.8, we get that Pattern ⊆ Γ.

Induction principle on patterns is used to prove that all patterns have a property P: we define Γ
as the set of all patterns satisfying P and apply induction on patterns to obtain that Γ = Pattern.

2.1 Unique readability

Proposition 2.10 (Unique readability of patterns).

(i) Any pattern has a positive length.

(ii) If ϕ is a pattern, then one of the following hold:

(a) ϕ = x, where x ∈ EV ar.
(b) ϕ = X, where X ∈ SV ar.
(c) ϕ = σ, where σ ∈ Σ.

(d) ϕ = ⊥.

(e) ϕ = Applψχ, where ψ, χ are patterns.

(f) ϕ =→ ψχ, where ψ, χ are patterns.

(g) ϕ = ∃xψ, where x is an element variable and ψ is a pattern.

(h) ϕ = µXψ, where X is a set variable and ψ is a pattern.

(iii) Any proper initial segment of a pattern is not a pattern.

(iv) If ϕ is a pattern, then exactly one of the cases from (ii) holds. Moreover, ϕ can be written
in a unique way in one of these forms.

Proof. (i) Let Γ be the set of patterns of positive length. We prove that Γ = Pattern using the
Induction principle on patterns (Proposition 2.9).

(a) If ϕ is an atomic pattern, then its length is 1, so ϕ ∈ Γ.

(b) If ϕ,ψ ∈ Γ, hence they have positive length, then obviously the patterns Applϕψ,
→ ϕψ, ∃xϕ, µXϕ ∈ Γ have positive length, hence they are in Γ.
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(ii) Let Γ1 = {Applψχ | ψ, χ ∈ Pattern}, Γ2 = {→ ψχ | ψ, χ ∈ Pattern}, Γ3 = {∃xψ | x ∈
EV ar and ψ ∈ Pattern} and Γ4 = {µXψ | X ∈ SV ar and ψ ∈ Pattern}. Define

Γ = EV ar ∪ SV ar ∪ Σ ∪ {⊥} ∪ Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4.

Then obviously, Γ ⊆ Pattern. We prove that Γ = Pattern using the Induction principle on
patterns (Proposition 2.9).

(a) As EV ar ∪ SV ar ∪ Σ ∪ {⊥} ⊆ Γ, we have that Γ contains all atomic patterns.

(b) Let ϕ,ψ ∈ Γ, x ∈ EV ar and X ∈ SV ar. Then Applϕψ ∈ Γ1 ⊆ Γ, → ϕψ ∈ Γ2 ⊆ Γ,
∃xϕ ∈ Γ3 ⊆ Γ, and µXϕ ∈ Γ4 ⊆ Γ. Thus, Γ is closed to Appl, →, ∃x, and µX.

(iii) As, by (i), patterns have positive length, it follows that we have to prove that for all n ≥ 1,

(P) if ϕ = ϕ0 . . . ϕn−1 is a pattern of length n, then for any 0 ≤ i < n− 1,

ϕ = ϕ0 . . . ϕi is not a pattern.

The proof is by induction on n.

n = 1: Then one cannot have 0 ≤ i < 0, hence (P) holds.

Assume that n > 1 and that (P) holds for any pattern of length < n. Let ϕ = ϕ0 . . . ϕn−1

be a pattern of length n. By (ii), we have the following cases:

(a) ϕ = ?ψχ, where ? ∈ {Appl,→} and ψ, χ are patterns. Thus, ϕ0 = ?, ψ = ϕ1 . . . ϕk−1

and χ = ϕk . . . ϕn−1, where 2 ≤ k ≤ n− 1.

Let 0 ≤ i < n − 1 and assume, by contradiction, that ϕ0 . . . ϕi is a pattern. Applying
again (ii), it follows that ϕ0 . . . ϕi = ?ψ1χ1, where ψ1, χ1 are patterns. Thus, ψ1 =
ϕ1 . . . ϕp−1, χ1 = ϕp . . . ϕi, where 2 ≤ p ≤ i. We have the following cases:

(1) p < k. Then ψ1 is a proper initial segment of ψ. As the length of ψ is < n, we can
apply the induction hypothesis to get that ψ1 is not a pattern. We have obtained
a contradiction.

(2) p = k. Then ψ1 = ψ and χ1 is a proper initial segment of χ. As the length of χ
is < n, we can apply the induction hypothesis to get that χ1 is not a pattern. We
have obtained a contradiction.

(3) p > k. Then ψ is a proper initial segment of ψ1. As the length of ψ1 is < n, we can
apply the induction hypothesis to get that ψ is not a pattern. We have obtained a
contradiction.

(b) ϕ = θψ, where θ ∈ {∃x, µX} for some x ∈ EV ar and X ∈ SV ar and ψ is a pattern.
Then ϕ0ϕ1 = θ and ψ = ϕ2 . . . ϕn−1. Let 0 ≤ i < n− 1 and assume, by contradiction,
that ϕ0 . . . ϕi is a pattern. Applying again (ii), it follows that ϕ0 . . . ϕi = θψ1, where
ψ1 = ϕ2 . . . ϕi is a pattern. As the length of ψ is < n, we can apply the induction
hypothesis to get that ψ1 is not a pattern. We have obtained a contradiction.

(iv) is and immediate consequece of (ii) and (iii).

The following results will be useful in Subsections 2.4 and 2.5.

Proposition 2.11. Let ϕ = ϕ0ϕ1 . . . ϕn−1 be a pattern and suppose that ϕi ∈ {∃, µ} for some
i = 0, . . . , n− 1. Then there exists a unique j such that i < j ≤ n− 1 and ϕi . . . ϕj is a pattern.

Proof. Let us prove first the uniqueness. Assume, by contradiction, that i < j < k ≤ n − 1 are
such that ϕi . . . ϕj and ϕi . . . ϕk are both patterns. As ϕi . . . ϕj is a proper initial segment of
ϕi . . . ϕk, it follows, by Proposition 2.10.(iii) that ϕi . . . ϕj is not a pattern. We have obtained a
contradiction.
Let us prove in the sequel the existence.
As, by (i), patterns have positive length, it follows that we have to prove that for all n ≥ 1,
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(P) if ϕ = ϕ0 . . . ϕn−1 is a pattern of length n and ϕi ∈ {∃, µ} for some i = 0, . . . , n− 1,

then there exists j such that i < j ≤ n− 1 and ϕi . . . ϕj is a pattern.

The proof is by induction on n.
n = 1. Then ϕ = ϕ0 is an atomic pattern, so there exists no i satisfying the premise in (P), hence
(P) holds.
Assume that n > 1 and that (P) holds for any pattern of length < n. Let ϕ = ϕ0 . . . ϕn−1 be a
pattern of length n such that ϕi ∈ {∃, µ} for some i = 0, . . . , n− 1. By (ii), we have the following
cases:

(i) ϕ = ?ψχ, where ? ∈ {Appl,→} and ψ, χ are patterns. Thus, ϕ0 = ?, ψ = ϕ1 . . . ϕk−1 and
χ = ϕk . . . ϕn−1, where 2 ≤ k ≤ n− 1.

(a) If i ≤ k− 1, then ϕi occurs in ψ. As the length of ψ is < n, we can apply the induction
hypothesis to get the existence of j such that i < j ≤ k − 1 and ϕi . . . ϕj is a pattern.

(b) If i ≥ k, then ϕi occurs in χ. As the length of χ is < n, we can apply the induction
hypothesis to get the existence of j such that i < j ≤ n− 1 and ϕi . . . ϕj is a pattern.

(ii) ϕ = θψ, where θ ∈ {∃x, µX} for some x ∈ EV ar and X ∈ SV ar and ψ is a pattern. Then
ϕ0ϕ1 = θ and ψ = ϕ2 . . . ϕn−1. We have the following cases:

(a) i = 0. Then j = n− 1 and ϕi . . . ϕj = ϕ is a pattern.

(b) 2 ≤ i ≤ n − 1. Then ϕi occurs in ψ. As the length of ψ is < n, we can apply the
induction hypothesis to get the existence of j such that i < j ≤ k− 1 and ϕi . . . ϕj is a
pattern.

Proposition 2.12. Let ϕ = ϕ0ϕ1 . . . ϕn−1 be a pattern and suppose that ϕi ∈ {Appl,→} for
some i = 0, . . . , n − 1. Then there exist unique j, l such that i < j < l ≤ n − 1 and ϕi+1 . . . ϕj,
ϕj+1 . . . ϕl are patterns.

Proof. Let us prove first the uniqueness. Assume, by contradiction, that i < j < l ≤ m − 1
and i < j1 < l1 ≤ m − 1 are such that ψ = ϕi+1 . . . ϕj , χ = ϕj+1 . . . ϕl, ψ

1 = ϕi+1 . . . ϕj1 ,
χ = ϕj+1 . . . ϕl1 are patterns. If j 6= j1, then either j < j1 or j1 < j, hence one of ψ, ψ1 is a
proper initial segment of the other one. By Proposition 2.10.(iii), we get that one of ψ, ψ1 is not a
pattern. We have obtained a contradiction. Thus, we must have j = j1. We prove similarly that
we must have i = l1.
Let us prove in the sequel the existence.
As, by (i), patterns have positive length, it follows that we have to prove that for all n ≥ 1,

(P) if ϕ = ϕ0 . . . ϕn−1 is a pattern of length n and ϕi ∈ {Appl,→} for some i = 0, . . . , n− 1,

then there exist j, l such that i < j < l ≤ n− 1 and vpi+1 . . . ϕj , ϕj+1 . . . ϕl are patterns.

The proof is by induction on n.
n = 1. Then ϕ = ϕ0 is an atomic pattern, so there exist no j, l satisfying the premise in (P), hence
(P) holds.
Assume that n > 1 and that (P) holds for any pattern of length < n. Let ϕ = ϕ0 . . . ϕn−1 be
a pattern of length n such that ϕi ∈ {Appl,→} for some i = 0, . . . , n − 1. By (ii), we have the
following cases:

(i) ϕ = ?ψχ, where ? ∈ {Appl,→} and ψ, χ are patterns. Thus, ϕ0 = ?, ψ = ϕ1 . . . ϕk−1 and
χ = ϕk . . . ϕn−1, where 2 ≤ k ≤ n− 1. We have the following cases:

(a) If i = 0, then we can take j = k and l = n− 1.

(b) If i ∈ {1, k − 1}, then ϕi occurs in ψ. As the length of ψ is < n, we can apply the
induction hypothesis to get the conclusion.
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(c) If i ≥ k, then ϕi occurs in χ. As the length of χ is < n, we can apply the induction
hypothesis to get the conclusion

(ii) ϕ = θψ, where θ ∈ {∃x, µX} for some x ∈ EV ar and X ∈ SV ar and ψ is a pattern. Then
ϕ0ϕ1 = θ and ψ = ϕ2 . . . ϕn−1. As ϕi does not occur in θ, it follows that ϕi occurs in ψ. As
the length of ψ is < n, we can apply the induction hypothesis to get the conclusion.

2.2 Recursion principle on patterns

Proposition 2.13 (Recursion principle on patterns). Let D be a set and the mappings

G0 : AtomicPattern→ D, GAppl, G→ : D2 × Pattern2 → D, (1)

G∃ : D × EV ar × Pattern→ D, Gµ : D × SV ar × Pattern→ D. (2)

Then there exists a unique mapping
F : Form→ D

that satisfies the following properties:

(i) F (ϕ) = G0(ϕ) for any atomic pattern ϕ.

(ii) F (Applϕψ) = GAppl(F (ϕ), F (ψ), ϕ, ψ) for any patterns ϕ, ψ.

(iii) F (→ ϕψ) = G→(F (ϕ), F (ψ), ϕ, ψ) for any patterns ϕ, ψ.

(iv) F (∃xϕ) = G∃(F (ϕ), x, ϕ) for any pattern ϕ and any element variable x.

(v) F (µXϕ) = Gµ(F (ϕ), X, ϕ) for any pattern ϕ and any set variable X.

Proof. Apply Proposition 2.10.

2.3 Subpatterns

Definition 2.14. Let ϕ be a pattern. A subpattern of ϕ is a pattern ψ that occurs in ϕ.

Notation 2.15. We denote by SubPattern(ϕ) the set of subpatterns of ϕ.

Remark 2.16 (Alternative definition).
The mapping

SubPattern : Pattern→ 2Pattern, ϕ 7→ SubPattern(ϕ)

can be defined by recursion on patterns as follows:

SubPattern(ϕ) = {ϕ} if ϕ is an atomic pattern,

SubPattern(Applϕψ) = SubPattern(ϕ) ∪ SubPattern(ψ) ∪ {Applϕψ},
SubPattern(→ ϕψ) = SubPattern(ϕ) ∪ SubPattern(ψ) ∪ {→ ϕψ},
SubPattern(∃xϕ) = SubPattern(ϕ) ∪ {∃xϕ},
SubPattern(µXϕ) = SubPattern(ϕ) ∪ {µXϕ}.

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = 2Pattern and

G0(ϕ) = {ϕ}, G◦(Γ,∆, ϕ, ψ) = Γ ∪∆ ∪ {◦ϕψ} for ◦ ∈ {Appl,→},
G∃(Γ, x, ϕ) = Γ ∪ {∃xϕ} Gµ(Γ, X, ϕ) = Γ ∪ {µXϕ}.

Then

(i) SubPattern(ϕ) = {ϕ} = G0(ϕ).
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(ii) For ◦ ∈ {Appl,→}, we have that

SubPattern(◦ϕψ) = SubPattern(ϕ) ∪ SubPattern(ψ) ∪ {◦ϕψ}
= G◦(SubPattern(ϕ), SubPattern(ψ), ϕ, ψ).

(iii) SubPattern(∃xϕ) = SubPattern(ϕ) ∪ {∃xϕ} = G∃(SubPattern(ϕ), x, ϕ).

(iv) SubPattern(µXϕ) = SubPattern(ϕ) ∪ {µXϕ} = Gµ(SubPattern(ϕ), X, ϕ).

Thus, SubPattern : Pattern→ 2Pattern is the unique mapping given by Proposition 2.13.

2.4 Free and bound variables

Definition 2.17. Let ϕ = ϕ0ϕ1 . . . ϕn−1 be a pattern and x be an element variable.

(i) We say that ∃ is a quantifier on x at the ith place with scope ψ if ϕi = ∃, ϕi+1 = x
and ψ = ϕi . . . ϕj is the unique pattern given by Proposition 2.11.

(ii) We say that x occurs bound at the kth place of ϕ if ϕk = x and there exist i, j < n such
that i < k ≤ j and ∃ is a quantifier on x at the ith place with scope ψ = ϕi . . . ϕj.

(iii) If ϕk = x but x does not occur bound at the kth place of ϕ, we say that x occurs free at
the kth place of ϕ.

(iv) x is a bound variable of ϕ if there exists k such that x occurs bound at the kth place of ϕ.

(v) x is a free variable of ϕ if there exists k such that x occurs free at the kth place of ϕ.

Definition 2.18. Let ϕ = ϕ0ϕ1 . . . ϕn−1 be a pattern and X be a set variable.

(i) We say that µ is a binder on X at the ith place with scope ψ if ϕi = µ, ϕi+1 = X and
ψ = ϕi . . . ϕj is the unique pattern given by Proposition 2.11.

(ii) We say that X occurs bound at the kth place of ϕ if ϕk = X and there exist i, j < n
such that i < k ≤ j and µ is a binder on X at the ith place with scope ψ = ϕi . . . ϕj.

(iii) If ϕk = X but X does not occur bound at the kth place of ϕ, we say that X occurs free at
the kth place of ϕ.

(iv) X is a bound variable of ϕ if there exists k such that X occurs bound at the kth place of
ϕ.

(v) X is a free variable of ϕ if there exists k such that X occurs free at the kth place of ϕ.

Notation 2.19. FV (ϕ) = the set of free element and set variables of ϕ.

Remark 2.20 (Alternative definition).
The mapping

FV : Pattern→ 2EV ar∪SV ar, ϕ 7→ FV (ϕ)

can be defined by recursion on patterns as follows:

FV (ϕ) = EV ar(ϕ) ∪ SV ar(ϕ) if ϕ is an atomic pattern,

FV (◦ϕψ) = FV (ϕ) ∪ FV (ψ) for ◦ ∈ {Appl,→},
FV (∃xϕ) = FV (ϕ) \ {x},
FV (µXϕ) = FV (ϕ) \ {X}.
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Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = 2EV ar∪SV ar and

G0(ϕ) = EV ar(ϕ) ∪ SV ar(ϕ), G◦(V1, V2, ϕ, ψ) = V1 ∪ V2,

G∃(V, x, ϕ) = V \ {x}, Gµ(V,X, ϕ) = V \ {X}.

Then

(i) FV (ϕ) = EV ar(ϕ) ∪ SV ar(ϕ) = G0(ϕ) if ϕ is an atomic pattern.

(ii) FV (◦ϕψ) = FV (ϕ) ∪ FV (ψ) = G◦(FV (ϕ), FV (ψ), ϕ, ψ) for ◦ ∈ {Appl,→}.

(iii) FV (∃xϕ) = FV (ϕ) \ {x} = G∃(FV (ϕ), x, ϕ).

(iv) FV (µXϕ) = FV (ϕ) \ {X} = Gµ(FV (ϕ), X, ϕ).

Thus, FV : Pattern→ 2EV ar∪SV ar is the unique mapping given by Proposition 2.13.

2.5 Positive and negative occurences of set variables

Definition 2.21. Let ϕ = ϕ0ϕ1 . . . ϕn−1 be a pattern and X be a set variable.

(i) We say that → is an implication at the ith place of ϕ with left scope ψ and right
scope χ if ϕi =→ and ψ = ϕi+1 . . . ϕj, χ = ϕj+1 . . . ϕl are the unique patterns given by
Proposition 2.12.

(ii) X occurs left at the kth place of ϕ if X occurs free at the kth place of ϕ and there exist
i < k ≤ j < n such that ψ = ϕi . . . ϕj is the left scope of an implication → at the ith place
of ϕ.

Definition 2.22. Let X be a set variable. We define the mapping

NX : Pattern→ Fun(N,N)

by recursion on patterns as follows:

(i) ϕ is an atomic pattern. Then NX(ϕ)(k) = 0 for every k ∈ N.

(ii) ϕ = Applψχ, that is ϕ = ϕ0ϕ1 . . . ϕn−1 with ϕ0 = Appl, ψ = ϕ1 . . . ϕj and χ = ϕj+1 . . . ϕn−1

for some 1 ≤ j < n− 1. We have the following cases:

(a) k = 0 or k ≥ n.Then NX(ϕ)(k) = 0.

(b) 1 ≤ k ≤ j. Then NX(ϕ)(k) = NX(ψ)(k − 1).

(c) j + 1 ≤ k ≤ n− 1. Then NX(ϕ)(k) = NX(χ)(k − j − 1).

(iii) ϕ =→ ψχ, that is ϕ = ϕ0ϕ1 . . . ϕn−1 with ϕ0 =→, ψ = ϕ1 . . . ϕj and χ = ϕj+1 . . . ϕn−1 for
some 1 ≤ j < n− 1. We have the following cases:

(a) k = 0 or k ≥ n.Then NX(ϕ)(k) = 0.

(b) 1 ≤ k ≤ j. Then NX(ϕ)(k) = NX(ψ)(k − 1) + 1.

(c) j + 1 ≤ k ≤ n− 1. Then NX(ϕ)(k) = NX(χ)(k − j − 1).

(iv) ϕ = ∃xψ, that is ϕ = ϕ0ϕ1 . . . ϕn−1 with ϕ0 = ∃, ϕ1 = x and ψ = ϕ2 . . . ϕn−1. We have the
following cases:

(a) k ∈ {0, 1} or k ≥ n. Then NX(ϕ)(k) = 0.

(b) 2 ≤ k ≤ n− 1. Then NX(ϕ)(k) = NX(ψ)(k − 2).
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(v) ϕ = µZψ, that is ϕ = ϕ0ϕ1 . . . ϕn−1 with ϕ0 = µ, ϕ1 = Z and ψ = ϕ2 . . . ϕn−1. If Z = X,
then NX(ϕ)(k) = 0 for every k ∈ N. If Z 6= X, we have the following cases:

(a) k ∈ {0, 1} or k ≥ n. Then NX(ϕ)(k) = 0.

(b) 2 ≤ k ≤ n− 1. Then NX(ϕ)(k) = NX(ψ)(k − 2).

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Fun(N,N) and

G0(ϕ)(k) = 0 if ϕ is an atomic pattern,

GAppl(f, g, ψ, χ)(k) =


0 if k = 0 or k ≥ n,
f(k − 1) if 1 ≤ k ≤ j,
g(k − j − 1) if j + 1 ≤ k ≤ n− 1,

,

G→(f, g, ψ, χ)(k) =


0 if k = 0 or k ≥ n,
f(k − 1) + 1 if 1 ≤ k ≤ j,
g(k − j − 1) if j + 1 ≤ k ≤ n− 1,

,

G∃(f, x, ψ)(k) =

{
0 if k ∈ {0, 1} or k ≥ n,
f(k − 2) if 2 ≤ k ≤ n− 1,

,

Gµ(f, Z, ψ)(k) =


0 if X = Z,

0 if X 6= Z and (k ∈ {0, 1} or k ≥ n),

f(k − 2) if X 6= Z and 2 ≤ k ≤ n− 1.

Then

(i) NX(ϕ)(k) = 0 = G0(ϕ)(k) for every k ∈ N if ϕ is an atomic pattern.

(ii) ϕ = Applψχ. Then

NX(→ ψχ)(k) =


0 if k = 0 or k ≥ n,
NX(ψ)(k − 1) if 1 ≤ k ≤ j,
NX(χ)(k − j − 1) if j + 1 ≤ k ≤ n− 1

= GAppl(NX(ψ), NX(χ), ψ, χ)(k).

(iii) ϕ =→ ψχ. Then

NX(→ ψχ)(k) =


0 if k = 0 or k ≥ n,
NX(ψ)(k − 1) + 1 if 1 ≤ k ≤ j,
NX(χ)(k − j − 1) if j + 1 ≤ k ≤ n− 1

= GAppl(NX(ψ), NX(χ), ψ, χ)(k).

(iv) ϕ = ∃xψ. Then

NX(∃xψ)(k) =

{
0 if k ∈ {0, 1} or k ≥ n,
NX(ψ)(k − 2) if 2 ≤ k ≤ n− 1

= G∃(NX(ψ), x, ψ)(k).

(v) ϕ = µZψ. If X = Z, then NX(µZψ)(k) = 0 = Gµ(NX(ψ), Z, ψ)(k).
Assume that X 6= Z. Then

NX(µZψ)(k) =

{
0 if k ∈ {0, 1} or k ≥ n,
NX(ψ)(k − 2) if 2 ≤ k ≤ n− 1

= Gµ(NX(ψ), Z, ψ)(k).
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Notation 2.23. Let X be a set variable, k ∈ N and ϕ be a pattern. We denote NX(ϕ)(k)
NL(ϕ,X, k) and we refer to NL(ϕ,X, k) as the number of left occurences of X at the kth place
of ϕ.

Definition 2.24. Let X be a set variable, k ∈ N and ϕ be a pattern such that X occurs free at
the kth place of ϕ.

(i) We say that X occurs positively at the kth place of ϕ (or that X has a positive
occurence at the kth place of ϕ) if NL(ϕ,X, k) = 0 or NL(ϕ,X, k) is an even natural
number.

(ii) We say that X occurs negatively at the kth place of ϕ (or that X has a negative
occurence at the kth place of ϕ) if NL(ϕ,X, k) is an odd natural number.

Definition 2.25. We say that ϕ is positive in X if one of the following is true:

(i) X does not occur free in ϕ.

(ii) For every k ∈ N, if X occurs free at the kth place of ϕ, then X occurs positively at the kth
place of ϕ.

Definition 2.26. We say that ϕ is negative in X if one of the following is true:

(i) X does not occur free in ϕ.

(ii) For every k ∈ N, if X occurs free at the kth place of ϕ, then X occurs negatively at the kth
place of ϕ.

Example 2.27. (i) ϕ = X → (X → ⊥) =→ X → X⊥. Then NL(X,ϕ, 1) = NL(X,X, 0)+1 =
0 + 1 = 1. Furthermore, NL(X,ϕ, 3) = NL(X,→ X⊥, 1) = NL(X,X, 0) + 1 = 1. Thus, ϕ is
negative in X.

(ii) ϕ = ¬¬X = (X → ⊥) → ⊥ =→→ X⊥⊥. Then NL(X,ϕ, 2) = NL(X,→ X⊥, 1) + 1 =
NL(X,X, 0) + 2 = 2. Thus, ϕ is positive in X.

(iii) ϕ = Appl(X → (X → ⊥))(¬¬X) = Appl→ X → X⊥→→ X⊥⊥. Then ϕ is neither positive
nor negative in X.

Remark 2.28 (Alternative definition). The property that ϕ is positive in X can be defined by
recursion on patterns as follows:

(i) If ϕ is atomic, then ϕ is positive in X.

(ii) If ϕ = Applψχ, then ϕ is positive in X iff both ψ, χ are positive in X.

(iii) If ϕ =→ ψχ, then ϕ is positive in X iff ψ is negative in X and χ is positive in X.

(iv) If ϕ = ∃xψ, then ϕ is positive in X iff ψ is positive in X.

(v) If ϕ = µXψ, then ϕ is positive in X.

(vi) If ϕ = µZψ with Z 6= X, then ϕ is positive in X iff ψ is positive in X.

Remark 2.29 (Alternative definition). The property that ϕ is negative in X can be defined by
recursion on patterns as follows:

(i) If ϕ is atomic, then ϕ is negative in X iff ϕ 6= X.

(ii) If ϕ = Applψχ, then ϕ is negative in X iff both ψ, χ are negative in X.

(iii) If ϕ =→ ψχ, then ϕ is negative in X iff ψ is positive in X and χ is negative in X.

(iv) If ϕ = ∃xψ, then ϕ is negative in X iff ψ is negative in X.

(v) If ϕ = µXψ, then ϕ is negative in X.

(vi) If ϕ = µZψ with Z 6= X, then ϕ is negative in X iff ψ is negative in X.
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2.6 Substitution of element variables

Let x be an element variable and ϕ, δ be patterns.

Definition 2.30. We define Subfxδ ϕ to be the expression obtained from ϕ by replacing every free
occurence of x in ϕ with δ.

Remark 2.31 (Alternative definition).
The mapping

Subfxδ : Pattern→ Exprτ , Subfxδ (ϕ) = Subfxδ ϕ

can be defined by recursion on patterns as follows:

Subfxδ (z) =

{
δ if x = z

z if x 6= z
if z ∈ EV ar,

Subfxδ (ϕ) = ϕ if ϕ ∈ SV ar ∪ Σ ∪ {⊥},

Subfxδ (◦ψχ) = ◦Subfxδ (ψ)Subfxδ (χ) for ◦ ∈ {Appl,→},

Subfxδ (∃zψ) =

{
∃zψ if x = z

∃zSubfxδ (ψ) if x 6= z
,

Subfxδ (µXψ) = µXSubfxδ (ψ).

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Exprτ and

G0(ϕ) =

{
δ if ϕ = x

ϕ if ϕ ∈ (EV ar \ {x}) ∪ SV ar ∪ Σ ∪ {⊥}

G◦(θ, τ, ψ, χ) = ◦θτ for ◦ ∈ {Appl,→},

G∃(θ, z, ψ) =

{
∃zψ if x = z

∃zθ if x 6= z
,

Gµ(θ,X, ψ) = µXθ.

Then

(i) If ϕ is an atomic pattern, we have the following cases:

(a) ϕ = x. Then Subfxδ (ϕ) = Subfxδ (x) = δ = G0(ϕ).

(b) ϕ ∈ (EV ar \ {x}) ∪ SV ar ∪ Σ ∪ {⊥}. Then Subfxδ (ϕ) = ϕ = G0(ϕ).

(ii) For ◦ ∈ {Appl,→}, we have that

Subfxδ (◦ψχ) = ◦Subfxδ (ψ)Subfxδ (χ) = G◦(Subf
x
δ (ψ), Subfxδ (χ), ψ, χ).

(iii) Subfxδ (∃zψ) =

{
∃zψ if x = z

∃zSubfxδ (ψ) if x 6= z
= G∃(Subf

x
δ (ψ), z, ψ)

(iv) Subfxδ (µXψ) = µXSubfxδ (ψ) = Gµ(Subfxδ (ψ), X, ψ).

Thus, Subfxδ is the unique mapping given by Proposition 2.13.

Proposition 2.32. Subfxδ ϕ is a pattern.

Proof. The proof is immediate by induction on ϕ, using the alternative definition of Subfxδ ϕ.

Example 2.33. [TRIVIAL CASES]

(i) Subfxxϕ = ϕ.
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(ii) If x does not occur free in ϕ, then Subfxδ ϕ = ϕ.

Definition 2.34. We say that x is free for δ in ϕ or that δ is substitutable for x in ϕ if the
following hold:

(i) if z is an element variable occuring free in δ and ∃ is a quantifier on z in ϕ with scope θ,
then x does not occur free in θ.

(ii) if Z is a set variable occuring free in δ and µ is a binder on Z in ϕ with scope θ, then is a
quantifier on z in ϕ with scope θ, then x does not occur free in θ. x does not occur free in θ.

Remark 2.35. Let y 6= x be an element variable.

(i) x is free for y in ϕ if the following holds: if ∃ is a quantifier on y in ϕ with scope θ, then x
does not occur free in θ.

(ii) x is not free for y in ϕ if ∃ is a quantifier on y in ϕ with scope θ and x occurs free in θ.

Example 2.36. Let δ = Z → z.

(i) If ϕ = µZx, then x is not free for δ in ϕ.

(ii) If ϕ = ∃zx, then x is not free for δ in ϕ.

(iii) If ϕ = zx→ Zx, then x is free for δ in ϕ.

Example 2.37. x is free for δ in ϕ in any of the following cases:

(i) x does not occur free in ϕ.

(ii) Any element or set variable of δ does not occur bound in ϕ.

(iii) EV ar(δ) = SV ar(δ) = ∅.

2.6.1 Bounded substitution

Let ϕ be a pattern and x, y be element variables.

Definition 2.38. We define Subbxyϕ to be the expression obtained from ϕ by replacing every bound
occurence of x in ϕ with y.

Remark 2.39 (Alternative definition).
If x = y, then obviously Subbxyϕ = ϕ. Assume that x 6= y. Then the mapping

Subbxy : Pattern→ Exprτ , Subbxy(ϕ) = Subbxyϕ

can be defined by recursion on patterns as follows:

Subbxy(ϕ) = ϕ if ϕ is an atomic pattern,

Subbxy(◦ψχ) = ◦Subbxy(ψ)Subbxy(χ) for ◦ ∈ {Appl,→},

Subbxy(∃zψ) =

{
∃ySubfxy

(
Subbxy(ψ)

)
if x = z

∃zSubbxy(ψ) if x 6= z
,

Subbxy(µXψ) = µXSubbxy(ψ).

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Exprτ and

G0(ϕ) = ϕ, G◦(θ, τ, ψ, χ) = ◦θτ for ◦ ∈ {Appl,→},

G∃(θ, z, ψ) =

{
∃ySubfxy (θ) if x = z

∃zθ if x 6= z
, Gµ(θ,X, ψ) = µXθ.

Then
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(i) If ϕ is an atomic pattern, Subbxy(ϕ) = ϕ = G0(ϕ).

(ii) For ◦ ∈ {Appl,→}, we have that

Subbxy(◦ψχ) = ◦Subbxy(ψ)Subbxy(χ) = G◦(Subb
x
y(ψ), Subbxy(χ), ψ, χ).

(iii) Subbxy(∃zψ) =

{
∃ySubfxy

(
Subbxy(ψ)

)
if x = z

∃zSubbxy(ψ) if x 6= z
= G∃(Subb

x
y(ψ), z, ψ)

(iv) Subbxy(µXψ) = µXSubbxy(ψ) = Gµ(Subbxy(ψ), X, ψ).

Thus, Subbxy is the unique mapping given by Proposition 2.13.

Proposition 2.40. Subbxyϕ is a pattern.

Proof. The proof is immediate by induction on ϕ, using the alternative definition of Subbxyϕ.

Proposition 2.41. Assume that x 6= y and y does not occur in ϕ. Then x is free for y in Subbxyϕ.

Proof. The proof is by induction on ϕ.

(i) ϕ is an atomic pattern. Then Subbxyϕ = ϕ and x is free for y in ϕ, as y does not occur in ϕ.

(ii) ϕ = ◦ψχ for ◦ ∈ {Appl,→}. Then Subbxyϕ = ◦Subbxy(ψ)Subbxy(χ). As y does not occur in
ψ, χ, we can apply the induction hypothesis to get that x is free for y in Subbxyψ, Subbxyχ.
It follows that x is free for y in Subbxyϕ.

(iii) ϕ = ∃zψ. We have two cases:

(a) x = z. Then Subbxyϕ = ∃ySubfxy
(
Subbxyϕ1

)
. It is obvious that x does not occur in

Subbxyϕ, so x is free for y in Subbxyϕ.

(b) x 6= z. Then Subbxyϕ = ∃zSubbxyϕ1. As y does not occur in ψ, we can apply the
induction hypothesis to get that x is free for y in Subbxyψ. As y does not occur in ϕ,
we must have that y 6= z. Then, obviously x is free for y in Subbxyϕ.

(iv) ϕ = µXψ. Then Subbxyϕ = µXSubbxyϕ1. As y does not occur in ψ, we can apply the
induction hypothesis to get that x is free for y in Subbxyψ. Then, obviously x is free for y in
Subbxyϕ.

2.7 Substitution of set variables

Let X be a set variable and ϕ, δ be patterns.

Definition 2.42. We define SubfXδ ϕ to be the expression obtained from ϕ by replacing every free
occurence of X in ϕ with δ.

Remark 2.43 (Alternative definition).
The mapping

SubfXδ : Pattern→ Exprτ , SubfXδ (ϕ) = SubfXδ ϕ

can be defined by recursion on patterns as follows:

SubfXδ (Z) =

{
δ if X = Z

Z if X 6= Z
if Z ∈ SV ar,

SubfXδ (ϕ) = ϕ if ϕ ∈ EV ar ∪ Σ ∪ {⊥},

SubfXδ (◦ψχ) = ◦SubfXδ (ψ)SubfXδ (χ) for ◦ ∈ {Appl,→},

SubfXδ (∃xψ) = ∃xSubfXδ (ψ),

SubfXδ (µZψ) =

{
µZψ if X = Z

µZSubfXδ (ψ) if X 6= Z.
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Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Exprτ and

G0(ϕ) =

{
δ if ϕ = X

ϕ if ϕ ∈ EV ar ∪ (SV ar \ {X}) ∪ Σ ∪ {⊥}

G◦(θ, τ, ψ, χ) = ◦θτ for ◦ ∈ {Appl,→},
G∃(θ, x, ψ) = ∃xθ,

Gµ(θ, Z, ψ) =

{
µZψ if X = Z

µZθ if X 6= Z.

Then

(i) If ϕ is an atomic pattern, we have the following cases:

(a) ϕ = X. Then SubfXδ (ϕ) = SubfXδ (X) = δ = G0(ϕ).

(b) ϕ ∈ EV ar ∪ (SV ar \ {X}) ∪ Σ ∪ {⊥}. Then SubfXδ (ϕ) = ϕ = G0(ϕ).

(ii) For ◦ ∈ {Appl,→}, we have that

SubfXδ (◦ψχ) = ◦SubfXδ (ψ)SubfXδ (χ) = G◦(Subf
X
δ (ψ), SubfXδ (χ), ψ, χ).

(iii) SubfXδ (∃xψ) = ∃xSubfXδ (ψ) = G∃(Subf
X
δ (ψ), x, ψ).

(iv) SubfXδ (µZψ) =

{
µZψ if X = Z

µZSubfXδ (ψ) if X 6= Z.
= Gµ(SubfXδ (ψ), Z, ψ)

Thus, SubfXδ is the unique mapping given by Proposition 2.13.

Proposition 2.44. SubfXδ ϕ is a pattern.

Proof. The proof is immediate by induction on ϕ, using the alternative definition of SubfXδ ϕ.

Definition 2.45. We say that X is free for δ in ϕ or that δ is substitutable for X in ϕ if the
following hold:

(i) if z is an element variable occuring free in δ and ∃ is a quantifier on z in ϕ with scope θ,
then X does not occur free in θ.

(ii) if Z is a set variable occuring free in δ and µ is a binder on Z in ϕ with scope θ, then X
does not occur free in θ.

Example 2.46. X is free for δ in ϕ in any of the following cases:

(i) X does not occur free in ϕ.

(ii) Any element or set variable of δ does not occur bound in ϕ.

(iii) EV ar(δ) = SV ar(δ) = ∅.

2.7.1 Bounded substitution

Let ϕ be a pattern and X, Y be set variables.

Definition 2.47. We define SubbXY ϕ to be the expression obtained from ϕ by replacing every
bound occurence of X in ϕ with Y .
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Remark 2.48 (Alternative definition).
If X = Y , then obviously SubbXY ϕ = ϕ. Assume that X 6= Y . Then the mapping

SubbXY : Pattern→ Exprτ , SubbXY (ϕ) = SubbXY ϕ

can be defined by recursion on patterns as follows:

SubbXY (ϕ) = ϕ if ϕ is an atomic pattern,

SubbXY (◦ψχ) = ◦SubbXY (ψ)SubbXY (χ) for ◦ ∈ {Appl,→},

SubbXY (∃xψ) = ∃xSubbXY (ψ),

SubbXY (µZψ) =

{
µY SubfXY

(
SubbXY (ψ)

)
if X = Z

µZSubbXY (ψ) if X 6= Z
.

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Exprτ and

G0(ϕ) = ϕ, G◦(θ, τ, ψ, χ) = ◦θτ for ◦ ∈ {Appl,→},

G∃(θ, x, ψ) = ∃xθ, Gµ(θ, Z, ψ) =

{
µY SubfXY (θ) if X = Z

µZθ if X 6= Z.

Then

(i) If ϕ is an atomic pattern, then SubbXY (ϕ) = ϕ = G0(ϕ).

(ii) For ◦ ∈ {Appl,→}, we have that

SubbXY (◦ψχ) = ◦SubbXY (ψ)SubbXY (χ) = G◦(Subb
X
Y (ψ), SubbXY (χ), ψ, χ).

(iii) SubbXY (∃xψ) = ∃xSubbXY (ψ) = G∃(Subb
X
Y (ψ), x, ψ).

(iv) SubbXY (µZψ) =

{
µY SubfXY

(
SubbXY (ψ)

)
if X = Z

µZSubbXY (ψ) if X 6= Z
= Gµ(SubbXY (ψ), Z, ψ).

Thus, SubbXY is the unique mapping given by Proposition 2.13.

Proposition 2.49. SubbXY ϕ is a pattern.

Proof. The proof is immediate by induction on ϕ, using the alternative definition of SubbXY ϕ.

Proposition 2.50. Assume that X 6= Y and Y does not occur in ϕ. Then X is free for Y in
SubbXY ϕ.

Proof. The proof is by induction on ϕ.

(i) ϕ is an atomic pattern. Then SubbXY ϕ = ϕ and X is free for Y in ϕ, as Y does not occur in
ϕ.

(ii) ϕ = ◦ψχ for ◦ ∈ {Appl,→}. Then SubbXY ϕ = ApplSubbXY ψSubb
X
Y χ. As Y does not occur in

ψ, χ, we can apply the induction hypothesis to get that X is free for Y in SubbXY ψ, SubbXY ψ.
It follows that X is free for Y in SubbXY ϕ.

(iii) ϕ = ∃xψ. Then SubbXY ϕ = ∃xSubbXY ψ. As Y does not occur in ψ, we can apply the
induction hypothesis to get that X is free for Y in SubbXY ψ. Then, obviously X is free for
Y in SubbXY ϕ.

(iv) ϕ = µZψ. We have two cases:
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(a) X = Z. Then SubbXY ϕ = µY SubfXY
(
SubbXY ϕ1

)
. It is obvious that X does not occur in

SubbXY ϕ, so X is free for Y in SubbXY ϕ.

(b) X 6= Z. Then SubbXY ϕ = µZSubbXY ψ. As Y does not occur in ψ, we can apply the
induction hypothesis to get that X is free for Y in SubbXY ψ. As Y does not occur in ϕ,
we must have that Y 6= Z. Then, obviously X is free for Y in SubbXY ϕ.

2.8 Free substitution

Definition 2.51. Let x be an element variable and ϕ, δ be patterns. We define ϕx(δ) as follows:

(i) If x is free for δ in ϕ, then ϕx(δ) = Subfxδ ϕ.

(ii) Assume that x is not free for δ in ϕ and let u1, . . . , uk be the element variables and U1, . . . , Up
be the set variables that occur bound in ϕ and also occur in δ. Let z1, . . . , zk be new element
variables and Z1, . . . , Zp be new set variables, that do not occur in ϕ or δ. Consider the
pattern

θ = SubbU1

Z1
SubbU2

Z2
. . . Subb

Up

Zp
Subbu1

z1 Subb
u2
z2 . . . Subb

uk
zk
ϕ.

Then ϕx(δ) = Subfxδ θ.

Definition 2.52. Let X be a set variable and ϕ, δ be patterns. We define ϕX(δ) as follows:

(i) If X is free for δ in ϕ, then ϕX(δ) = SubfXδ ϕ.

(ii) Assume that X is not free for δ in ϕ and let u1, . . . , uk be the element variables and U1, . . . , Up
be the set variables that occur bound in ϕ and also occur in δ. Let z1, . . . , zk be new element
variables and Z1, . . . , Zp be new set variables, that do not occur in ϕ or δ. Consider the
pattern

θ = SubbU1

Z1
SubbU2

Z2
. . . Subb

Up

Zp
Subbu1

z1 Subb
u2
z2 . . . Subb

uk
zk
ϕ.

Then ϕX(δ) = SubfXδ θ.

Remark 2.53. In the above definitions, we could define z1, . . . , zk and Z1, . . . , Zp as follows:

(i) Let l ∈ N be maximum such that vl occurs in ϕ or δ. Then define zi = vl+i for all i = 1, . . . , k.

(ii) Let m ∈ N be maximum such that Vm occurs in ϕ or δ. Then define Zi = Vm+i for all
i = 1, . . . , p.

2.9 Contexts

Let � be a new symbol and let us denote

Sym� = Symτ ∪ {�} ∪ {Appl�}.

Definition 2.54. The τ-contexts are the expressions over Sym� inductively defined as follows:

(i) � is a τ -context.

(ii) If C is a τ -context and ϕ is a τ -pattern, then Appl�Cϕ and Appl�ϕC are τ -contexts.

(iii) Only the expressions over Sym� obtained by applying the above rules are τ -contexts.

The set of τ -contexts is denoted by Cτ and τ -contexts are denoted by C, C1, C2, . . . .

Remark 2.55. The definition of τ -contexts can be written using the BNF notation:

C ::=� | Appl�Cϕ | Appl�ϕC.
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Definition 2.56 (Alternative definition for τ -contexts).
The set of τ-contexts is the intersection of all sets Γ of expressions over Sym� that have the
following properties:

(i) � ∈ Γ.

(ii) If C ∈ Γ and ϕ is a τ -pattern, then Appl�Cϕ,Appl�ϕC ∈ Γ.

Proposition 2.57. [Induction principle on contexts]
Let Γ be a set of τ -contexts satisfying the following properties:

(i) � ∈ Γ.

(ii) If C ∈ Γ and ϕ is a pattern, then Appl�Cϕ,Appl�ϕC ∈ Γ.

Then Γ = C.

Proof. By hypothesis, Γ ⊆ C. By Definition 2.56, we get that C ⊆ Γ.

When the signature τ is clear from the context, we shall say simply context(s) and we shall denote
the set of contexts by C.

Proposition 2.58. � occurs exactly once in every context C.

Proof. The proof is by induction on the context C:

(i) C = �. Obviously.

(ii) C = Appl�C1ψ and, by the induction hypothesis, � occurs exactly once in C1. As ψ is a
pattern, � does not occur in ψ. Thus, � occurs exactly once in C.

(iii) C = Appl�ψC1 and, by the induction hypothesis, � occurs exactly once in C1. As ψ is a
pattern, � does not occur in ψ. Thus, � occurs exactly once in C.

2.9.1 Unique readability and recursion principle

Proposition 2.59 (Unique readability of contexts).

(i) Any context has a positive length.

(ii) If C is a context, then one of the following hold:

(a) C = �.

(b) C = Appl�C1ϕ, where C1 is a context and ϕ is a pattern.

(c) C = Appl�ϕC1, where C1 is a context and ϕ is a pattern.

(iii) Any proper initial segment of a context is not a context.

(iv) If C is a context, then exactly one of the cases from (ii) holds. Moreover, C can be written
in a unique way in one of these forms.

Proof. Similarly with the proof of Proposition 2.10.

Proposition 2.60 (Recursion principle on contexts).
Let A be a set, �A ∈ A and the mappings

G1, G2 : A× Pattern→ A.

Then there exists a unique mapping
F : C → A

that satisfies the following properties:
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(i) F (�) = �A for any atomic pattern ϕ.

(ii) F (Appl�C1ψ) = G1(F (C1), ϕ) for any context C1 and any pattern ϕ.

(iii) F (Appl�ψC1) = G2(F (C1), ϕ) for any context C1 and any pattern ϕ.

Proof. Apply Proposition 2.59.

2.9.2 Substitution

Definition 2.61. Let C be a context and ϕ be a pattern. We denote by C[ϕ] the τ -expression
obtained by replacing all the occurences of � with ϕ and all occurences of Appl� with Appl.

Remark 2.62 (Alternative definition).
C[ϕ] can be defined by recursion on contexts as follows:

�[ϕ] = ϕ,

(Appl�C1ψ)[ϕ] = ApplC1[ϕ]ψ,

(Appl�ψC1)[ϕ] = ApplψC1[ϕ].

Proof. Let F : C → Fun(Pattern,Exprτ ) be defined by F (C)(ϕ) = C[ϕ]. We show in the sequel
that F can be defined by recursion on patterns. The above definitions become

F (�)(ϕ) = ϕ, F (Appl�C1ψ)(ϕ) = ApplF (C1)(ϕ)ψ, F (Appl�ψC1)(ϕ) = ApplψF (C1)(ϕ).

Apply Proposition 2.60 with

A = Fun(Pattern,Exprτ ), �A(ϕ) = ϕ, G1(f, ψ)(ϕ) = Applf(ϕ)ψ and G2(f, ψ)(ϕ) = Applψf(ϕ)

for every f : Pattern→ Exprτ and every patterns ϕ, ψ. Then

(i) F (�)(ϕ) = ϕ = �A(ϕ) for every pattern ϕ. It follows that F (�) = �A.

(ii) F (Appl�C1ψ)(ϕ) = ApplF (C1)(ϕ)ψ = G1(F (C1), ψ)(ϕ) for every pattern ϕ. It follows that
F (Appl�C1ψ) = G1(F (C1), ψ).

(iii) F (Appl�ψC1)(ϕ) = ApplψF (C1)(ϕ) = G2(F (C1), ψ)(ϕ) for every pattern ϕ. It follows that
F (Appl�ψC1) = G2(F (C1), ψ).

Thus, F is the unique mapping given by Proposition 2.60.

Proposition 2.63. C[ϕ] is a pattern.

Proof. The proof is by induction on the context C, using the alternative definition of C[ϕ].

(i) C = �. Then C[ϕ] = ϕ is a pattern.

(ii) C = Appl�C1ψ and, by the induction hypothesis, C1[ϕ] is a pattern. As C[ϕ] = ApplC1[ϕ]ψ,
it follows that C[ϕ] is a pattern.

(iii) C = Appl�ψC1 and, by the induction hypothesis, C1[ϕ] is a pattern. As C[ϕ] = ApplψC1[ϕ],
it follows that C[ϕ] is a pattern.
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2.9.3 Free variables

Definition 2.64. The set FV (C) of free variables of C is defined by recursion on contexts as
follows:

FV (�) = ∅,
FV (Appl�C1ψ) = FV (C1) ∪ FV (ψ),

FV (Appl�ψC1) = FV (C1) ∪ FV (ψ).

Proof. Apply Proposition 2.60 with

A = 2EV ar∪SV ar, �A = ∅, G1(V, ψ) = G2(V, ψ) = V ∪ FV (ψ).

Then

(i) FV (�) = ∅ = �A.

(ii) FV (Appl�C1ψ) = FV (C1) ∪ FV (ψ) = G1(FV (C1), ψ).

(iii) FV (Appl�ψC1) = FV (C1) ∪ FV (ψ) = G2(FV (C1), ψ).

Thus, FV : C → 2EV ar∪SV ar is the unique mapping given by Proposition 2.60.

2.10 Derived connectives. Conventions

We shall write in the sequel ϕ · ψ instead of Applϕψ, ϕ → ψ instead of → ϕψ, ∃x.ϕ instead of
∃xϕ, and µX.ϕ instead of µXϕ.
We shall also use parentheses when it is necessary to make clear the structure of a pattern. For
example, we write (ϕ→ ψ) · χ.
The pattern ϕ · ψ is called an application. As a convention, application is associative to the left
and thus we write ϕ1 · ϕ2 · ϕ3 . . . · ϕn instead of (. . . ((ϕ1 · ϕ2) · ϕ3) . . . · ϕn).
We introduce derived connectives by the following abbreviations:

¬ϕ = ϕ→ ⊥, > = ¬⊥,
ϕ ∨ ψ = ¬ϕ→ ψ, ϕ ∧ ψ = ¬(¬ϕ ∨ ¬ψ),

ϕ↔ ψ = (ϕ→ ψ) ∧ (ψ → ϕ),

∀x.ϕ = ¬∃x.¬ϕ, νX.ϕ = ¬µX.¬SubfX¬Xϕ.
The scope of ∃, ∀, µ, ν goes as far as possible to the right unless it is limited by parentheses.
For example, ∀x.ϕ → ψ is ∀x.(ϕ → ψ), µX.ϕ ∧ ψ is µX.(ϕ ∧ ψ), and ∃x.ψ → ((∃y.ϕ) → z) is
∃x.
(
ψ → ((∃y.ϕ)→ z)

)
.

To reduce the use of parentheses, we assume that

(i) application has the highest precedence.

(ii) µ, ν have higher precedence than the quantifiers ∃, ∀.

(iii) quantifiers ∃, ∀ have higher precedence than the propositional connectives.

(iv) ¬ has higher precedence than →, ∧, ∨, ↔;

(v) ∧,∨ have higher precedence than →, ↔.

We define in the sequel finite conjunctions and disjunctions. Let ϕ1, . . . , ϕn(n ≥ 1) be
patterns. Then

∧n
i=1 ϕ

i and
∨n
i=1 ϕi are defined inductively as follows:

1∧
i=1

ϕi = ϕ1,

2∧
i=1

ϕi = ϕ1 ∧ ϕ2,

n+1∧
i=1

ϕi =

(
n∧
i=1

ϕi

)
∧ ϕn+1, (3)

1∨
i=1

ϕi = ϕ1,

2∨
i=1

ϕi = ϕ1 ∨ ϕ2,

n+1∨
i=1

ϕi =

(
n∨
i=1

ϕi

)
∨ ϕn+1. (4)

We also write ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn instead of
∧n
i=1 ϕ

i and ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn instead of
∨n
i=1 ϕ

i.
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3 Semantics

Let τ = (EV ar, SV ar,Σ) is a signature.

Definition 3.1. A τ -structure is a pair

A = (A, ? ,ΣA),

where

(i) A is a nonempty set.

(ii) ? : A×A→ 2A is a binary application function;

(iii) ΣA = {σA ⊆ A | σ ∈ Σ}.

A is called the universe or the domain of the structure A. We use the notation A = |A|. If
a ∈ A, we also write a ∈ A. Furthermore, σA is called the interpretation or the denotation of
the constant σ in A.
We extend the application function ? as follows:

? : 2A × 2A → 2A, B ? C =
⋃

b∈B,c∈C

b ? c.

Proposition 3.2. Let B,C,D ⊆ A and (Ai)i∈I be a family of subsets of A.

B ? ∅ = ∅ ? B = ∅, (5)

(C ∪D) ? B = (C ? B) ∪ (D ? B), (6)

B ? (C ∪D) = (B ? C) ∪ (B ? D), (7)

(C ∩D) ? B ⊆ (C ? B) ∩ (D ? B), (8)

B ? (C ∩D) ⊆ (B ? C) ∩ (B ? D), (9)(⋃
i∈I

Ai

)
? B =

⋃
i∈I

(Ai ? B), (10)

B ?

(⋃
i∈I

Ai

)
=
⋃
i∈I

(B ? Ai), (11)(⋂
i∈I

Ai

)
? B ⊆

⋂
i∈I

(Ai ? B), (12)

B ?

(⋂
i∈I

Ai

)
⊆
⋂
i∈I

(B ? Ai), (13)

B ⊆ C implies B ? D ⊆ C ? D and D ? B ⊆ D ? C (14)

B ⊆ C and D ⊆ E implies B ? D ⊆ C ? E (15)

B ⊆ C implies CAB ? D ⊇ CAC ? D and D ? CAB ⊇ D ? CAC (16)

Proof. (5): Obviously.

(6): (C ∪D) ? B =
⋃
c∈C∪D,b∈B c ? b =

(⋃
c∈C,b∈B c ? b

)
∪
(⋃

c∈D,b∈B c ? b
)

= (C ? B) ∪ (D ? B).

(7): B ? (C ∪D) =
⋃
b∈B,c∈C∪D b ? c =

(⋃
b∈B,c∈C b ? c

)
∪
(⋃

b∈B,c∈D b ? c
)

= (B ? C) ∪ (B ?D).

(8): Let a ∈ (C ∩ D) ? B. Then a = e ? b with e ∈ C ∩ D and b ∈ B. It follows that a ∈
(C ? B) ∩ (D ? B).
(9): Let a ∈ B ? (C ∩ D). Then a = b ? e with e ∈ C ∩ D and b ∈ B. It follows that a ∈
(B ? C) ∩ (B ? D).
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(10):
(⋃

i∈I Ai
)
? B =

⋃
a∈

⋃
i∈I Ai,b∈B a ? b =

⋃
i∈I
⋃
a∈Ai,b∈B a ? b =

⋃
i∈I(Ai ? B).

(11): B ?
(⋃

i∈I Ai
)

=
⋃
b∈B,a∈

⋃
i∈I Ai

b ? a =
⋃
i∈I
⋃
a∈Ai,b∈B b ? a =

⋃
i∈I(B ? Ai).

(12): Let a ∈
(⋂

i∈I Ai
)
? B. Then a = e ? b with b ∈ B and e ∈

⋂
i∈I Ai, hence a ∈ Ai for all

i ∈ I. It follows that a ∈
⋂
i∈I(Ai ? B).

(13): Let a ∈ B ?
(⋂

i∈I Ai
)
. Then a = b ? e with b ∈ B and e ∈

⋂
i∈I Ai, hence a ∈ Ai for all

i ∈ I. It follows that a ∈
⋂
i∈I(B ? Ai).

(14): B ? D =
⋃
b∈B,d∈D b ? d ⊆

⋃
b∈C,d∈D b ? d = C ? D and, similarly, D ? B ⊆ D ? C.

(15): Apply (14) twice to get that B ? D ⊆ C ? D ⊆ C ? E.
(16) As B ⊆ C, we have that CAB ⊇ CAC. Apply (14).

Definition 3.3. Let A be a τ -structure. An A-valuation is a function e : EV ar∪SV ar → A∪2A

that satisfies:

e(x) ∈ A for all x ∈ EV ar and e(X) ⊆ A for all X ∈ SV ar.

A-valuations are also called A-assignments.

3.1 Valuation of patterns

In the following, A is a τ -structure and e is an A-valuation.

Notation 3.4. For any variable x ∈ EV ar and any a ∈ A, we define a new A-valuation ex 7→a as
follows: for all v ∈ EV ar and all V ∈ SV ar,

ex7→a(V ) = e(V ) and ex 7→a(v) =

{
e(v) if v 6= x

a if v = x.

For any variable X ∈ SV ar and any B ⊆ A, we define a new A-valuation eX 7→B as follows: for
all v ∈ EV ar and all V ∈ SV ar,

eX 7→B(v) = e(v) and eX 7→B(V ) =

{
e(V ) if V 6= X

B if V = X.

Definition 3.5. The patterns A-valuation

e+ : Pattern→ 2A

is defined by induction on patterns as follows:

(i) e+(x) = {e(x)} if x ∈ EV ar.

(ii) e+(X) = e(X) if X ∈ SV ar.

(iii) e+(σ) = σA for every σ ∈ Σ.

(iv) e+(⊥) = ∅.

(v) e+(ϕ · ψ) = e+(ϕ) ? e+(ψ).

(vi) e+(ϕ→ ψ) = CA(e+(ϕ) \ e+(ψ)).

(vii) e+(∃x.ϕ) =
⋃
a∈A (ex 7→a)

+
(ϕ).

(viii) e+(µX.ϕ) =
⋂{

B ⊆ A | (eX 7→B)
+

(ϕ) ⊆ B
}
.

We say that ϕ evaluates to B ⊆ A (with e) if e+(ϕ) = B. If a ∈ e+(ϕ), we say that a matches
ϕ (with witness e).

Proposition 3.6. For all patterns ϕ,ψ,

22



(i) e+(ϕ→ ψ) = CAe
+(ϕ) ∪ e+(ψ).

(ii) e+(¬ϕ) = CAe
+(ϕ).

(iii) e+(>) = A.

(iv) e+(ϕ ∨ ψ) = e+(ϕ) ∪ e+(ψ).

(v) e+(ϕ ∧ ψ) = e+(ϕ) ∩ e+(ψ).

(vi) e+(ϕ↔ ψ) = A \ (e+(ϕ)∆e+(ψ)).

(vii) e+(∀x.ϕ) =
⋂
a∈A (ex 7→a)

+
(ϕ).

Proof. (i) We have that

e+(ϕ→ ψ) = CA(e+(ϕ) \ e+(ψ)) = CAe
+(ϕ) ∪ e+(ψ).

(ii) e+(¬ϕ) = e+(ϕ→ ⊥) = CAe
+(ϕ) ∪ e+(⊥) = CAe

+(ϕ) ∪ ∅ = CAe
+(ϕ).

(iii) e+(>) = e+(¬⊥) = CAe
+(⊥) = CA∅ = A.

(iv) We have that

e+(ϕ ∨ ψ) = e+(¬ϕ→ ψ) = CAe
+(¬ϕ) ∪ e+(ψ) = CA(CAe

+(ϕ)) ∪ e+(ψ)

= e+(ϕ) ∪ e+(ψ).

(v) We have that

e+(ϕ ∧ ψ) = e+(¬(¬ϕ ∨ ¬ψ)) = CAe
+(¬ϕ ∨ ¬ψ) = CA(e+(¬ϕ) ∪ e+(¬ψ))

= CA(CAe
+(ϕ) ∪ CAe+(ψ)) = e+(ϕ) ∩ e+(ψ).

(vi) We have that

e+(ϕ↔ ψ) = e+
(
(ϕ→ ψ) ∧ (ψ → ϕ)

)
= e+(ϕ→ ψ) ∩ e+(ψ → ϕ)

= CA(e+(ϕ) \ e+(ψ)) ∩ CA(e+(ψ) \ e+(ϕ)) = CA(e+(ϕ)∆e+(ψ)).

(vii) We have that

e+(∀x.ϕ) = e+(¬∃x.¬ϕ) = CAe
+(∃x.¬ϕ) = CA

(⋃
a∈A

(ex7→a)
+

(¬ϕ)

)

= CA

(⋃
a∈A

(
CA (ex 7→a)

+
(ϕ)
))

=
⋂
a∈A

CA

(
CA (ex 7→a)

+
(ϕ)
)

=
⋂
a∈A

(ex 7→a)
+

(ϕ).

Definition 3.7. Let ϕ be a pattern. We say that

(i) e satisfies ϕ in A if e+(ϕ) = A.
Notation: A � ϕ[e].

(ii) e does not satisfy ϕ in A if e+(ϕ) 6= A.
Notation: A 6� ϕ[e].

Proposition 3.8. (i) For every element variable x, A � x[e] iff |A| = 1.

(ii) For every set variable X, A � X[e] iff e(X) = A.
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(iii) For every constant σ, A � σ[e] iff σA = A.

(iv) A 6� ⊥[e] and A � >[e].

(v) For every pattern ϕ, A � ¬ϕ[e] iff e+(ϕ) = ∅.

(vi) For every patterns ϕ, ψ, A � (ϕ · ψ)[e] iff
⋃
b∈e+(ϕ),c∈e+(ψ) b ? c = A.

(vii) For every patterns ϕ, ψ, A � (ϕ ∧ ψ)[e] iff (A � ϕ[e] and A � ψ[e]).

(viii) For every patterns ϕ, ψ, A � (ϕ ∨ ψ)[e] iff e+(ϕ) ∪ e+(ψ) = A.

(ix) For every patterns ϕ, ψ, A � (ϕ→ ψ)[e] iff e+(ϕ) ⊆ e+(ψ).

(x) For every patterns ϕ, ψ, A � (ϕ↔ ψ)[e] iff e+(ϕ) = e+(ψ).

(xi) For every patterns ϕ, ψ, A � (ϕ↔ ψ)[e] iff (A � (ϕ→ ψ)[e] and A � (ψ → ϕ)[e]).

(xii) For every pattern ϕ and every element variable x, A � (∃x.ϕ)[e] iff
⋃
a∈A (ex 7→a)

+
(ϕ) = A.

(xiii) For every pattern ϕ and every element variable x, if there exists b ∈ A such that A � ϕ[ex7→b],
then A � (∃x.ϕ)[e].

(xiv) For every pattern ϕ and every element variable x, A � (∀x.ϕ)[e] iff A � ϕ[ex 7→a] for every
a ∈ A.

(xv) For every pattern ϕ and every set variable X, if A � ϕ[eX 7→B ] for every B ⊆ A, then
A � (µX.ϕ)[e].

Proof. (i) A � x[e] iff e+(x) = A iff {e(x)} = A iff |A| = 1.

(ii) A � X[e] iff e+(X) = A iff e(X) = A.

(iii) A � σ[e] iff e+(σ) = A iff σA = A.

(iv) Obviously, since e+(⊥) = ∅ and e+(>) = A.

(v) A � ¬ϕ[e] iff e+(¬ϕ) = A iff A \ e+(ϕ) = A iff e+(ϕ) = ∅.

(vi) A � (ϕ · ψ)[e] iff e+(ϕ · ψ) = A iff e+(ϕ) ? e+(ψ) = A iff
⋃
b∈e+(ϕ),c∈e+(ψ) b ? c = A.

(vii) A � (ϕ ∧ ψ)[e] iff e+(ϕ ∧ ψ) = A iff e+(ϕ) ∩ e+(ψ) = A iff e+(ϕ) = e+(ψ) = A (since
e+(ϕ), e+(ψ) ⊆ A) iff (A � ϕ[e] and A � ψ[e]).

(viii) A � (ϕ ∨ ψ)[e] iff e+(ϕ ∨ ψ) = A iff e+(ϕ) ∪ e+(ψ) = A.

(ix) A � (ϕ → ψ)[e] iff e+(ϕ → ψ) = A iff CA(e+(ϕ) \ e+(ψ)) = A iff e+(ϕ) \ e+(ψ) = ∅ iff
e+(ϕ) ⊆ e+(ψ).

(x) A � (ϕ ↔ ψ)[e] iff e+(ϕ ↔ ψ) = A iff A \ (e+(ϕ)∆e+(ψ)) = A iff e+(ϕ)∆e+(ψ) = ∅ iff
e+(ϕ) = e+(ψ).

(xi) Apply (vii).

(xii) A � (∃x.ϕ)[e] iff e+(∃x.ϕ) = A iff
⋃
a∈A (ex 7→a)

+
(ϕ) = A.

(xiii) Assume that b ∈ A is such that A � ϕ[ex 7→b], so (ex 7→b)
+

(ϕ) = A. Since (ex7→b)
+

(ϕ) ⊆⋃
a∈A (ex7→a)

+
(ϕ) = e+(∃x.ϕ), we must have e+(∃x.ϕ) = A, hence A � (∃x.ϕ)[e].

(xiv) A � (∀xϕ)[e] iff e+(∀x.ϕ) = A iff
⋂
a∈A (ex 7→a)

+
(ϕ) = A iff for every a ∈ A, (ex 7→a)

+
(ϕ) = A

iff for every a ∈ A, A � ϕ[ex 7→a].
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(xv) Let us denote B =
{
B ⊆ A | (eX 7→B)

+
(ϕ) ⊆ B

}
. Obviously, A ∈ B. Assume that for every

B ⊆ A we have that A � ϕ[eX 7→B ], hence (eX 7→B)
+

(ϕ) = A. It follows that B = {A},
since if B ⊆ A,B 6= A, then (eX 7→B)

+
(ϕ) = A 6⊆ B. Thus, e+(µX.ϕ) =

⋂
B = A, so

A � (µX.ϕ)[e].

Proposition 3.9. Let A be a τ -structure. Then for every pattern ϕ, the following holds:

(?) for every A-valuations e1, e2, if e1|FV (ϕ) = e2|FV (ϕ), then e+
1 (ϕ) = e+

2 (ϕ).

Proof. We prove (?) by induction on ϕ.

(i) ϕ = x ∈ EV ar. Then FV (ϕ) = {x}. Let e1, e2 be two A-valuations such that e1(x) = e2(x).
We get that e+

1 (ϕ) = {e1(x)} = {e2(x)} = e+
2 (ϕ).

(ii) ϕ = X ∈ SV ar. Then FV (ϕ) = {X}. Let e1, e2 be two A-valuations such that e1(X) =
e2(X). We get that e+

1 (ϕ) = e1(X) = e2(X) = e+
2 (ϕ).

(iii) ϕ = σ ∈ Σ. Then FV (ϕ) = ∅. Let e1, e2 be two A-valuations. Then e+
1 (ϕ) = σA = e+

2 (ϕ).

(iv) ϕ = ⊥. Then FV (ϕ) = ∅. Let e1, e2 be two A-valuations. Then e+
1 (ϕ) = ∅ = e+

2 (ϕ).

(v) ϕ = ψ · χ. Then FV (ϕ) = FV (ψ) ∪ FV (χ). Let e1, e2 be two A-valuations such that
e1|FV (ϕ) = e2|FV (ϕ). Then e1|FV (ψ) = e2|FV (ψ) and e1|FV (χ) = e2|FV (χ). Applying the

induction hypothesis for ψ, χ, it follows that e+
1 (ψ) = e+

2 (ψ) and e+
1 (χ) = e+

2 (χ). We get
that e+

1 (ϕ) = e+
1 (ψ) ? e+

1 (χ) = e+
2 (ψ) ? e+

2 (χ) = e+
2 (ϕ.)

(vi) ϕ = ψ → χ. Then FV (ϕ) = FV (ψ) ∪ FV (χ). Let e1, e2 be two A-valuations such that
e1|FV (ϕ) = e2|FV (ϕ). Then e1|FV (ψ) = e2|FV (ψ) and e1|FV (χ) = e2|FV (χ). Applying the

induction hypothesis for ψ, χ, it follows that e+
1 (ψ) = e+

2 (ψ) and e+
1 (χ) = e+

2 (χ). We get
that e+

1 (ϕ) = CA(e+
1 (ψ) \ e+

1 (χ)) = CA(e+
2 (ψ) \ e+

2 (χ)) = e+
2 (ϕ).

(vii) ϕ = ∃x.ψ. Then FV (ϕ) = FV (ψ)\{x}. Let e1, e2 be two A-valuations such that e1|FV (ϕ) =
e2|FV (ϕ). For every a ∈ A, we have that e1x 7→a|FV (ψ) = e2x 7→a|FV (ψ), hence, applying

the induction hypothesis for ψ, that (e1x 7→a)
+

(ψ) = (e2x 7→a)
+

(ψ). We get that e+
1 (ϕ) =⋃

a∈A (e1x 7→a)
+

(ψ) =
⋃
a∈A (e2x 7→a)

+
(ψ) = e+

2 (ϕ).

(viii) ϕ = µX.ψ. Then FV (ϕ) = FV (ψ) \ {X}. Let e1, e2 be two A-valuations such that
e1|FV (ϕ) = e2|FV (ϕ). For every B ⊆ A, we have that e1X 7→B |FV (ψ) = e2X 7→B |FV (ψ), hence,

applying the induction hypothesis for ψ, that (e1X 7→B)
+

(ψ) = (e2X 7→B)
+

(ψ). We get that
e+

1 (ϕ) =
⋂
{B ⊆ A | (e1X 7→B)

+
(ψ) ⊆ B} =

⋂
{B ⊆ A | (e2X 7→B)

+
(ψ) ⊆ B} = e+

2 (ϕ).

Hence, the A-valuation of a pattern depends only on the A-valuations of the free variables of the
pattern. As an immediate application of Proposition 3.9, we get

Corollary 3.10. Let A be a τ -structure, ϕ be a pattern and e1, e2 be two A-valuations such that
e1|FV (ϕ) = e2|FV (ϕ). Then A � ϕ[e1] iff A � ϕ[e2].

3.2 Model, validity, satisfiability

Definition 3.11. Let ϕ be a pattern and A be a τ -structure. We say that A satisfies ϕ or that
A is a model of ϕ if A � ϕ[e] for every A-valuation e.
Notation: A � ϕ.

Proposition 3.12. Let A be a τ -structure.
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(i) For every element variable x, A � x iff |A| = 1.

(ii) For every constant symbol σ, A � σ iff σA = A.

(iii) A 6� ⊥ and A � >.

(iv) For every patterns ϕ, ψ, A � ϕ ∧ ψ iff (A � ϕ and A � ψ).

(v) For every patterns ϕ, ψ, ϕ, A � ϕ↔ ψ iff (A � ϕ→ ψ and A � ψ → ϕ).

(vi) For every patterns ϕ, ψ, if A � ϕ→ ψ and A � ϕ, then A � ψ.

(vii) For every patterns ϕ, ψ, if A � ϕ↔ ψ, then (A � ϕ iff A � ψ).

(viii) For every pattern ϕ and every element variable x, A � ∀x.ϕ iff A � ϕ.

Proof. (i)-(vii) are obtained as an immediate consequence of Proposition 3.8.
(viii) ⇒ Let e be an arbitrary A-valuation. Since A � ∀x.ϕ, we have that A � ϕ[ex 7→a] for all
a ∈ A. By letting a := e(x), we get that e = ex7→a. Thus, A � ϕ[e].
⇐ Let e be an arbitrary A-valuation and a ∈ A. We have to prove that A � ϕ[ex 7→a]. This follows
immediately from the fact that A � ϕ.

Definition 3.13. Let ϕ be a pattern. We say that ϕ is valid if A � ϕ for every τ -structure A.
Notation: � ϕ.

As an application of Propositions 3.12, we get

Remark 3.14. (i) > is valid.

(ii) For every patterns ϕ, ψ, � ϕ ∧ ψ iff (� ϕ and � ψ).

(iii) For every patterns ϕ, ψ, � ϕ↔ ψ iff (� ϕ→ ψ and � ψ → ϕ).

(iv) For every patterns ϕ, ψ, if � ϕ→ ψ and � ϕ, then � ψ.

(v) For every patterns ϕ, ψ, if � ϕ↔ ψ, then (� ϕ iff � ψ).

In the sequel, we write “Let (A, e)” instead of “Let A be a τ -structure and e be an A-valuation”,
“there exists (A, e)” instead of “there exists a τ -structure A and an A-valuation e” and “for all
(A, e)” instead of “for every τ -structure A and every A-valuation e”.

3.2.1 Finite disjunctions and conjunctions

Let ϕ1, . . . , ϕn(n ≥ 1) be patterns.

Proposition 3.15. Let (A, e). Then

e+(ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn) =

n⋂
i=1

e+(ϕi) and e+(ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn) =

n⋃
i=1

e+(ϕi) (17)

Proof. By induction on n. The case n = 1 is obvious. For n = 2 apply Proposition 3.6.(v), (iv).
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n⇒ n+ 1: We have that

e+(ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn ∧ ϕn+1) = e+((ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn) ∧ ϕn+1)

= e+(ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn) ∩ e+(ϕn+1) =

n⋂
i=1

e+(ϕi) ∩ e+(ϕn+1)

=

n+1⋂
i=1

e+(ϕi),

e+(ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn ∨ ϕn+1) = e+((ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn) ∨ ϕn+1)

= e+(ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn) ∪ e+(ϕn+1) =

n⋃
i=1

e+(ϕi) ∪ e+(ϕn+1)

=

n+1⋃
i=1

e+(ϕi).

It follows immediately that

Proposition 3.16. The following hold:

(i) For every (A, e),

(a) A � (ϕ1 ∧ . . . ∧ ϕn)[e] iff A � ϕi[e] for every i = 1, . . . , n.

(b) A � (ϕ1 ∨ . . . ∨ ϕn)[e] iff
⋃n
i=1 e

+(ϕi) = A.

(ii) For every A, A � ϕ1 ∧ . . . ∧ ϕn iff A � ϕi for every i = 1, . . . , n.

(iii) � ϕ1 ∧ . . . ∧ ϕn iff � ϕi for every i = 1, . . . , n.

3.3 Semantic consequence and equivalence

We define in the sequel three notions of semantic consequence and logic equivalence.

3.3.1 Notion 1

Definition 3.17. Let ϕ, ψ be patterns. We say that

(i) ψ is a global semantic consequence of ϕ if for every A,

A � ϕ implies A � ψ.

Notation: ϕ �g ψ.

(ii) ϕ and ψ are globally logically equivalent if for every A, A � ϕ iff A � ψ.

Notation: ϕ ��g ψ.

Remark 3.18. ϕ ��g ψ iff (ϕ �g ψ and ψ �g ϕ).

Proof. Obviously.

Remark 3.19. (i) If ϕ �g ψ, then � ϕ implies � ψ.

(ii) If ϕ ��g ψ, then � ϕ iff � ψ.

Proof. (i) Assume that ϕ �g ψ and that � ϕ. We have to prove that � ψ, hence that for every
A, A � ψ. Let A be arbitrary. Since � ϕ, we have that A � ϕ. Since ϕ �g ψ, it follows that
A � ψ.

(ii) By (i).
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3.3.2 Notion 2

Definition 3.20. Let ϕ, ψ be patterns. We say that

(i) ψ is a local semantic consequence of ϕ if for every (A, e),

A � ϕ[e] implies A � ψ[e].

Notation: ϕ �l ψ.

(ii) ϕ and ψ are locally logically equivalent if for every (A, e), A � ϕ[e] iff A � ψ[e].

Notation: ϕ ��l ψ.

Remark 3.21. ϕ ��l ψ iff (ϕ �l ψ and ψ �l ϕ).

Remark 3.22. (i) If ϕ �l ψ, then � ϕ implies � ψ.

(ii) If ϕ ��l ψ, then � ϕ iff � ψ.

Proof. (i) Assume that ϕ �l ψ and that � ϕ. We have to prove that � ψ, hence that for every
(A, e), A � ψ[e]. Let (A, e) be arbitrary. Since � ϕ, we have that A � ϕ[e]. Since ϕ �l ψ, it
follows that A � ψ[e].

(ii) By (i).

3.3.3 Notion 3

Definition 3.23. Let ϕ, ψ be patterns. We say that

(i) ψ is a strong semantic consequence of ϕ if for every (A, e), e+(ϕ) ⊆ e+(ψ).

Notation: ϕ �s ψ.

(ii) ϕ and ψ are strongly logically equivalent if for every (A, e), e+(ϕ) = e+(ψ).

Notation: ϕ ��s ψ.

Remark 3.24. ϕ ��s ψ iff (ϕ �s ψ and ψ �s ϕ).

Remark 3.25. (i) ϕ �s ψ iff � ϕ→ ψ.

(ii) ϕ ��s ψ iff � ϕ↔ ψ.

Proof. (i) ϕ �s ψ iff for every e, e+(ϕ) ⊆ e+(ψ) iff for every e, � (ϕ → ψ)[e] (by Proposition
3.8.(ix) iff � ϕ→ ψ.

(ii) ϕ ��s ψ iff for every e, e+(ϕ) = e+(ψ) iff for every e, � (ϕ ↔ ψ)[e] (by Proposition 3.8.(x))
iff � ϕ↔ ψ.

Remark 3.26. (i) If ϕ �s ψ, then � ϕ implies � ψ.

(ii) If ϕ ��s ψ, then � ϕ iff � ψ.

Proof. By Remark 3.25 and Remark 3.14,(iv),(v).
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3.3.4 Relations between the three notions

Proposition 3.27. (i) ϕ �s ψ implies ϕ �l ψ implies ϕ �g ψ.

(ii) ϕ ��s ψ implies ϕ ��l ψ implies ϕ ��g ψ.

Proof. (i) ϕ �s ψ implies ϕ �l ψ: Let (A, e) be such that A � ϕ[e]. We have to prove that
A � ψ[e]. As A � ϕ[e], we have that e+(ϕ) = A. Since e+(ϕ) ⊆ e+(ψ), it follows that
e+(ψ) = A, hence A � ψ[e].

ϕ �l ψ implies ϕ �g ψ: Let A � ϕ and e be an arbitrary A-valuation. We have to prove that
A � ψ[e]. Since A � ϕ, we have that A � ϕ[e]. As ϕ �l ψ, it follows that A � ψ[e].

(ii) Follows immediately from (i).

Remark 3.28. Let x, y be element variables. Then x ��l y, hence x ��g y.

Proof. Let (A, e) be arbitrary. Applying Proposition 3.8.(i), we get that (A, e) is a model of x iff
A � x[e] iff |A| = 1 iff A � y[e] iff (A, e) is a model of y. Thus, x ��l y. By Proposition 3.27.(ii), it
follows that x ��g y.

Remark 3.29. (i) ϕ �g ψ does not imply ϕ �l ψ and ϕ ��g ψ does not imply ϕ ��l ψ.

(ii) ϕ �l ψ does not imply ϕ �s ψ and ϕ ��l ψ does not imply ϕ ��s ψ.

Proof. Let x and y be two different element variables. We give the following counterexamples.

(i) Let us prove that x ∨ y ��g x ∧ y. Let A be arbitrary. Then A � x ∨ y iff (for every e,
A � (x ∨ y)[e]) iff (for every e, e+(x ∨ y) = A) iff (for every e, {e(x)} ∪ {e(y)} = A) iff
|A| = 1, as we can take e such that e(x) = e(y). Furthermore, A � x ∧ y iff (for every e,
A � (x∧y)[e]) iff (for every e, e+(x∧y) = A) iff (for every e, {e(x)}∩{e(y)} = A) iff |A| = 1.

Thus, A � x ∨ y iff A � x ∧ y iff |A| = 1. Thus, x ∨ y ��g x ∧ y.

Let us prove now that x ∨ y 6�l x ∧ y. Let A = {1, 2} and e be such that e(x) = 1 and
e(y) = 2. Then e+(x ∨ y) = {e(x)} ∪ {e(y)} = A. Thus, A � (x ∨ y)[e]. On the other hand,
e+(x ∧ y) = {e(x)} ∩ {e(y)} = ∅, hence A 6� (x ∧ y)[e].

(ii) By Proposition 3.28, x ��l y. On the other hand, x 6�s y: take an (A, e) such that |A| ≥ 2
and e(x) 6= e(y). Then e+(x) = {e(x)} 6⊆ {e(y)} = e+(y).

3.4 Sets of patterns

Let Γ be a set of patterns.

Definition 3.30. Let (A, e). We say that e satisfies Γ in A if A � γ[e] for every γ ∈ Γ.
Notation: A � Γ[e].

Definition 3.31. Let A be a τ -structure. We say that A satisfies Γ or that A is a model of Γ
if every A-valuation satisfies Γ in A.
Notation: A � Γ.

3.5 Semantic consequence and equivalence for sets of patterns

We extend to sets of patterns the notions introduced in Subsection 3.3.
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3.5.1 Notion 1

Definition 3.32. Let ϕ be a pattern. We say that ϕ is a global semantic consequence of Γ if
for every A,

A � Γ implies A � ϕ.

Notation: Γ �g ϕ.

This is the definition of semantic consequence from [8].
By letting Γ = {ψ}, we get the notion introduced in Definition 3.17.(i). Hence, we write ψ �g ϕ
instead of {ψ} �g ϕ.

Remark 3.33. (i) ∅ �g ϕ iff � ϕ.

(ii) If ϕ is valid, then Γ �g ϕ.

Proof. (i) ∅ �g ϕ iff (for every A, we have that A � ϕ) iff � ϕ.

(ii) Obviously, as A � ϕ for every A.

Lemma 3.34. For all patterns ϕ, ψ,

(i) If ϕ �g ψ, then Γ �g ϕ implies Γ �g ψ.

(ii) If ϕ ��g ψ, then Γ �g ϕ iff Γ �g ψ.

(iii) Γ �g ϕ ∧ ψ iff (Γ �g ϕ and Γ �g ψ).

(iv) Γ �g ϕ↔ ψ iff (Γ �g ϕ→ ψ and Γ �g ψ → ϕ).

Proof. (i) Assume that ϕ �g ψ and Γ �g ϕ. Let A be a model of Γ. Then A � ϕ, as Γ �g ϕ.
Furthermore, A � ψ as ϕ �g ψ.

(ii) It follows from (i) and Remark 3.18.

(iii) We have that

Γ �g ϕ ∧ ψ iff for every model A of Γ, A � ϕ ∧ ψ
iff for every model A of Γ and every A-valuation e, A � (ϕ ∧ ψ)[e]

iff for every model A of Γ and every A-valuation e, A � ϕ[e] and A � ψ[e]

(by Proposition 3.8.(vii))

iff (for every model A of Γ and every A-valuation e, A � ϕ[e]) and
(for every model A of Γ and every A-valuation e, A � ψ[e])

iff (for every model A of Γ, A � ϕ) and (for every model A of Γ, A � ψ)
iff Γ �g ϕ and Γ �g ψ.

(iv) Apply (iii).

Definition 3.35. Let ∆ be a set of patterns. We say that

(i) ∆ is a semantic consequence of Γ if for every A,

A � Γ implies A � ∆.

Notation: Γ �g ∆.

(ii) Γ and ∆ are logic equivalent if for every A,
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A � Γ iff A � ∆.

Notation: Γ ��g ∆.

Obviously, by letting ∆ = {ϕ}, we obtain the notion introduced in Definition 3.32. Furthermore,
for Γ = {ψ} and ∆ = {ϕ}, we get the notions introduced in Definition 3.17.

Remark 3.36. Γ ��g ∆ iff (Γ �g ∆ and ∆ �g Γ).

Lemma 3.37. (i) Assume that Γ �g ∆ and that ϕ ��g ψ. Then ∆ �g ϕ implies Γ �g ψ.

(ii) Assume that Γ ��g ∆ and that ϕ ��g ψ. Then Γ �g ϕ iff ∆ �g ψ.

Proof. (i) We have that

∆ �g ϕ iff for every model A of ∆, A � ϕ
iff for every model A of ∆, A � ψ (as ϕ ��g ψ)
implies for every model A of Γ, A � ϕ (as Γ �g ∆)
iff ∆ �g ψ.

(ii) Apply (i).

Proposition 3.38 (Finite sets). Let Γ = {ϕ1, . . . , ϕn} be a finite set of patterns. Then Γ ��g
{ϕ1 ∧ . . . ∧ ϕn}.

Proof. Applying Proposition 3.16.(ii), we get that for every A, A � Γ iff A � ϕi for every i =
1, . . . , n iff A � ϕ1 ∧ . . . ∧ ϕn.

3.5.2 Notion 2

Definition 3.39. Let ϕ be a pattern. We say that ϕ is a local semantic consequence of Γ if
for every (A, e),

A � Γ[e] implies A � ϕ[e].

Notation: Γ �l ϕ.

By letting Γ = {ψ}, we get the notion introduced in Definition 3.20. Hence, we write ψ �l ϕ
instead of {ψ} �l ϕ.

Remark 3.40. (i) ∅ �l ϕ iff � ϕ.

(ii) If ϕ is valid, then Γ �l ϕ.

Proof. (i) ∅ �l ϕ iff (for every (A, e), we have that A � ϕ[e]) iff (for every A, we have that
A � ϕ) iff � ϕ.

(ii) Obviously, as A � ϕ[e] for every (A, e).

Lemma 3.41. For all patterns ϕ, ψ,

(i) If ϕ �l ψ, then Γ �l ϕ implies Γ �l ψ.

(ii) If ϕ ��l ψ, then Γ �l ϕ iff Γ �l ψ.

(iii) Γ �l ϕ ∧ ψ iff (Γ �l ϕ and Γ �l ψ).

(iv) Γ �l ϕ↔ ψ iff (Γ �l ϕ→ ψ and Γ �l ψ → ϕ).

Proof. (i) Assume that ϕ �l ψ and Γ �l ϕ. Let (A, e) be such that A � Γ[e]. Since Γ �l ϕ, we
get that A � ϕ[e]. Since ϕ �l ψ, it follows that A � ψ[e].
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(ii) It follows from (i) and Remark 3.21.

(iii) We have that

Γ �l ϕ ∧ ψ iff for every (A, e) such that A � Γ[e] we have that A � (ϕ ∧ ψ)[e]

iff for every (A, e) such that A � Γ[e] we have that A � ϕ[e] and A � ψ[e]

(by Proposition 3.8.(vii))

iff (for every (A, e) such that A � Γ[e] we have that A � ϕ[e]) and
(for every (A, e) such that A � Γ[e] we have that A � ψ[e])

iff Γ �l ϕ and Γ �l ψ.

(iv) Apply (iii).

Definition 3.42. Let ∆ be a set of patterns. We say that

(i) ∆ is a local semantic consequence of Γ if for every (A, e),

A � Γ[e] implies A � ∆[e].

Notation: Γ �l ∆.

(ii) Γ and ∆ are locally logically equivalent if for every (A, e),

A � Γ[e] iff A � ∆[e].

Notation: Γ ��l ∆.

Obviously, by letting ∆ = {ϕ}, we obtain the notion introduced in Definition 3.42. Furthermore,
for Γ = {ψ} and ∆ = {ϕ}, we get the notions introduced in Definition 3.20.

Remark 3.43. Γ ��l ∆ iff (Γ �l ∆ and ∆ �l Γ).

Lemma 3.44. (i) Assume that Γ �l ∆ and that ϕ ��l ψ. Then ∆ �l ϕ implies Γ �l ψ.

(ii) Assume that Γ ��l ∆ and that ϕ ��l ψ. Then Γ �l ϕ iff ∆ �l ψ.

Proof. (i) We have that

∆ �l ϕ iff for every (A, e) such that A � ∆[e], A � ϕ[e]
iff for every (A, e) such that A � ∆[e], A � ψ[e] (as ϕ ��l ψ)
iff for every (A, e) such that A � Γ[e], A � ψ[e] (as Γ �l ∆)
iff Γ �l ψ.

(ii) Apply (i).

Proposition 3.45 (Finite sets). Let Γ = {ϕ1, . . . , ϕn} be a set of patterns. Then Γ ��l {ϕ1 ∧ . . .∧
ϕn}.

Proof. Applying Proposition 3.16.(i), we get that for for every (A, e), A � Γ[e] iff A � ϕi[e] for
every i = 1, . . . , n iff A � (ϕ1 ∧ . . . ∧ ϕn)[e].
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3.5.3 Notion 3

Definition 3.46. Let ϕ be a pattern. We say that ϕ is a strong semantic consequence of Γ
if for every (A, e), ⋂

γ∈Γ e
+(γ) ⊆ e+(ϕ).

Notation: Γ �s ϕ.

By letting Γ = {ψ}, we get the notion introduced in Definition 3.23.

Remark 3.47. (i) ∅ �s ϕ iff � ϕ.

(ii) If ϕ is valid, then Γ �s ϕ.

Proof. (i) ∅ �s ϕ iff (for every (A, e), we have that
⋂
γ∈∅ e

+(γ) ⊆ e+(ϕ)) iff (for every (A, e),
we have that A ⊆ e+(ϕ)) iff (for every (A, e), we have that e+(ϕ) = A) iff � ϕ.

(ii) Obviously, as e+(ϕ) = A for every (A, e).

Remark 3.48. For all patterns ϕ, ψ,

(i) If ϕ �s ψ, then Γ �s ϕ implies Γ �s ψ.

(ii) If ϕ ��s ψ, then Γ �s ϕ iff Γ �s ψ.

(iii) Γ �s ϕ ∧ ψ iff (Γ �s ϕ and Γ �s ψ).

(iv) Γ �s ϕ↔ ψ iff (Γ �s ϕ→ ψ and Γ �s ψ → ϕ).

Proof. (i) Assume that ϕ �s ψ and that Γ �s ϕ. Let (A, e). Then
⋂
γ∈Γ e

+(γ) ⊆ e+(ϕ) ⊆ e+(ψ),
hence Γ �s ψ.

(ii) It follows from (i) and Remark 3.24.

(iii)

Γ �s ϕ ∧ ψ iff for every (A, e),
⋂
γ∈∆ e+(γ) ⊆ e+(ϕ ∧ ψ)

iff for every (A, e),
⋂
γ∈∆ e+(γ) ⊆ e+(ϕ) ∩ e+(ψ)

iff for every (A, e),
⋂
γ∈∆ e+(γ) ⊆ e+(ϕ) and

⋂
γ∈∆ e+(γ) ⊆ e+(ψ)

iff for every (A, e),
⋂
γ∈∆ e+(γ) ⊆ e+(ϕ) and

for every (A, e),
⋂
γ∈∆ e+(γ) ⊆ e+(ψ)

iff Γ �s ϕ and Γ �s ψ.

(iv) Apply (iv).

Definition 3.49. Let ∆ be a set of patterns. We say that

(i) ∆ is a strong semantic consequence of Γ if for every (A, e),⋂
γ∈Γ

e+(γ) ⊆
⋂
δ∈∆

e+(δ).

Notation: Γ �s ∆.

(ii) Γ and ∆ are strongly logically equivalent if for every (A, e),⋂
γ∈Γ e

+(γ) =
⋂
δ∈∆ e+(δ).

Notation: Γ ��s ∆.
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Obviously, by letting ∆ = {ϕ}, we obtain the notion introduced in Definition 3.46. Furthermore,
for Γ = {ψ} and ∆ = {ϕ}, we get the notions introduced in Definition 3.23.

Remark 3.50. Γ ��s ∆ iff (Γ �s ∆ and ∆ �s Γ).

Lemma 3.51. (i) Assume that Γ �s ∆ and that ϕ ��s ψ. Then ∆ �s ϕ implies Γ �s ψ.

(ii) Assume that Γ ��s ∆ and that ϕ ��s ψ. Then Γ �s ϕ iff ∆ �s ψ.

Proof. (i) We have that

∆ �s ϕ iff for every (A, e)
⋂
γ∈∆ e+(γ) ⊆ e+(ψ)

iff for every (A, e)
⋂
γ∈∆ e+(γ) ⊆ e+(ψ) (as ϕ ��s ψ)

iff for every (A, e)
⋂
γ∈Γ e

+(γ) ⊆ e+(ψ) (as Γ �s ∆)

iff Γ �s ψ.

(ii) Apply (i).

Proposition 3.52. Let Γ = {ϕ1, . . . , ϕn} be a finite set of patterns. Then Γ ��s {ϕ1 ∧ . . . ∧ ϕn}.

Proof. For every (A, e),

⋂
γ∈Γ

e+(γ) =

n⋂
i=1

e+(ϕi) = e+(ϕ1 ∧ . . . ∧ ϕn).

3.5.4 Relations between the three notions

Proposition 3.53. Γ �s ϕ implies Γ �l ϕ implies Γ �g ϕ.

Proof. Γ �s ϕ implies Γ �l ϕ: Let (A, e) be such that A � Γ[e], so e+(γ) = A for every γ ∈ Γ.
Hence,

⋂
γ∈Γ e

+(γ) = A. As Γ �s ϕ, it follows that e+(ϕ) = A, that is A � ϕ[e].
Γ �l ϕ implies Γ �g ϕ: Assume that A � Γ and let e be arbitrary. Then A � Γ[e]. Applying now
the fact that Γ �l ϕ, we get that A � ϕ[e].

3.6 Closed patterns

Definition 3.54. A pattern ϕ is said to be a closed pattern if FV (ϕ) = ∅, that is ϕ does not
have free variables.

Let A be a τ -structure.

Proposition 3.55. Let ϕ be a closed pattern. For every A-valuations e1, e2, we have that e+
1 (ϕ) =

e+
2 (ϕ). In particular, A � ϕ[e1] iff A � ϕ[e2].

Proof. Apply Proposition 3.9 and the fact that FV (ϕ) = ∅.

Corollary 3.56. Let ϕ be a closed pattern. Then either A � ϕ[e] for all e or A 6� ϕ[e] for all e.
Hence, A � ϕ iff A � ϕ[e] for one A-valuation e.

Proposition 3.57. Let Γ be a set of closed patterns. Then for every pattern ϕ, Γ �l ϕ iff Γ �g ϕ.

Proof. ⇒ By Proposition 3.53.
⇐ Let (A, e) be such that A � Γ[e], that is A � γ[e] for all γ ∈ Γ. By Corollary 3.56, we get that
A � γ for all γ ∈ Γ, that is A � Γ. As Γ �g ϕ, it follows that A � ϕ. In particular, A � ϕ[e].
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3.7 Predicates

Definition 3.58. Let ϕ be a pattern.

(i) If A is a τ -structure, we say that ϕ is an A-predicate or a predicate in A if for any
A-valuation e, e+(ϕ) ∈ {∅, A}.

(ii) ϕ is a predicate iff it is an A-predicate for every τ -structure A.

We shall denote by A-Predicates the set of A-predicates and by Predicates the set of predicates.

Proposition 3.59. (i) For every τ -structure A, the set A-Predicates contains ⊥, > and is
closed to ¬,→,∨,∧,↔ and to ∃x, ∀x (for any element variable x). Furthermore, the set
A-Predicates is closed to finite conjunctions and disjunctions.

(ii) The set Predicates contains ⊥, > and is to ¬,→,∨,∧,↔ and to ∃x, ∀x (for any variable x).
Furthermore, the set Predicates is closed to finite conjunctions and disjunctions.

Proof.

(i) Let e be an arbitrary A-valuation.

(a) Since e+(⊥) = ∅ and e+(>) = A, we have that ⊥,> ∈ A-Predicates.

(b) If ϕ is an A-predicate, then e+(ϕ) ∈ {∅, A}, hence e+(¬ϕ) = A \ e+(ϕ) ∈ {∅, A}, that
is ¬ϕ is an A-predicate.

(c) Assume that ϕ1, . . . , ϕn(n ≥ 1) are A-predicates, so e+(ϕi) ∈ {∅, A} for every i =
1, . . . , n. Then

e+(ϕ1 ∧ . . . ∧ ϕn) =

n⋂
i=1

e+(ϕi) =

{
∅ if there exists i = 1, . . . , n such that e+(ϕi) = ∅
A otherwise,

e+(ϕ1 ∨ . . . ∨ ϕn) =

n⋃
i=1

e+(ϕi) =

{
A if there exists i = 1, . . . , n such that e+(ϕi) = A,

∅ otherwise.

Thus, ϕ1 ∧ . . . ∧ ϕn and ϕ1 ∨ . . . ∨ ϕn are A-predicates.

(d) Assume that ϕ, ψ are A-predicates, so e+(ϕ), e(ψ) ∈ {∅, A}. Then ϕ ∧ ψ and ϕ ∨ ψ.
Furthermore,

e+(ϕ→ ψ) =

{
∅ if e+(ϕ) = A and e+(ψ) = ∅
A otherwise

,

e+(ϕ↔ ψ) =

{
A if e+(ϕ) = e+(ψ)

∅otherwise.

Thus, ϕ→ ψ,ϕ↔ ψ are A-predicate.

(e) Assume that ϕ is an A-predicate. Then, for every a ∈ A, (ex 7→a)
+

(ϕ) ∈ {∅, A}, hence
e+(∃x.ϕ) =

⋃
a∈A (ex 7→a)

+
(ϕ) ∈ {∅, A} and e+(∀x.ϕ) =

⋂
a∈A (ex 7→a)

+
(ϕ) ∈ {∅, A}.

Thus, ∃x.ϕ and ∀x.ϕ are A-predicates.

(ii) Obviously, by (i).

Proposition 3.60. Let Γ be a set of closed predicates (that is, closed patterns that are predicates).
Then for every pattern ϕ, Γ �g ϕ iff Γ �l ϕ iff Γ �s ϕ.

Proof. Γ �g ϕ iff Γ �l ϕ: By Proposition 3.57.
Γ �l ϕ iff Γ �s ϕ: ⇐ By Proposition 3.53.
⇒ Let (A, e). We have the following cases:
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(i) There exists γ0 ∈ Γ such that e+(γ0) 6= A. Then e+(γ0) = ∅, so
⋂
γ∈Γ e

+(γ) = ∅ ⊆ e+(ϕ).
Thus, Γ �s ϕ.

(ii) e+(γ) = A for all γ ∈ Γ, hence A � Γ[e]. Since Γ �l ϕ, we get that A � ϕ[e], that is
e+(ϕ) = A. We have got that

⋂
γ∈Γ e

+(γ) = A = e+(ϕ). Thus, Γ �s ϕ.

3.8 Tautologies

Let A be a τ -structure.

Definition 3.61. A propositional A-evaluation is a mapping F : Pattern→ 2A that satisfies for
any patterns ϕ,ψ,

(i) F (⊥) = ∅.

(ii) F (ϕ→ ψ) = CA(F (ϕ) \ F (ψ)).

Lemma 3.62. Let F be a propositional A-evaluation. For any patterns ϕ,ψ,

(i) F (ϕ→ ψ) = CAF (ϕ) ∪ F (ψ).

(ii) F (>) = A.

(iii) F (¬ϕ) = CAF (ϕ).

(iv) F (ϕ ∨ ψ) = F (ϕ) ∪ F (ψ).

(v) F (ϕ ∧ ψ) = F (ϕ) ∩ F (ψ).

(vi) F (ϕ↔ ψ) = CA(F (ϕ)∆F (ψ)).

Proof. Replace e+ with F in the proof of Proposition 3.6.

Lemma 3.63. Let F be a propositional A-evaluation. For any patterns ϕ,ψ,

(i) F (ϕ→ ψ) = A iff F (ϕ) ⊆ F (ψ).

(ii) F (ϕ↔ ψ) = A iff F (ϕ) = F (ψ).

Proof. Replace e+ with F in the proof of Proposition 3.8.(ix), (x).

Proposition 3.64. Let e be an A-valuation. The mapping

Ve,A : Pattern→ 2A, Ve,A(ϕ) = e+(ϕ)

is a propositional A-evaluation.

Proof. We have that

(i) Ve,A(⊥) = e+(⊥) = ∅

(ii) Ve,A(ϕ→ ψ) = e+(ϕ→ ψ) = CA(e+(ϕ) \ e+(ψ)) = CA(Ve,A(ϕ) \ Ve,A(ψ)).

Definition 3.65. A pattern ϕ is a tautology if F (ϕ) = A for any τ -structure A and any propo-
sitional A-evaluation F .
Notation: �t ϕ.

Proposition 3.66. Any tautology is valid.

Proof. Assume that ϕ is a tautology and let (A, e). Since, by Proposition 3.64, Ve,A is a proposi-
tional A-evaluation, we have that Ve,A(ϕ) = A, that is e+(ϕ) = A, so A � ϕ[e].
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3.8.1 Examples of tautologies and tautological equivalemces

Proposition 3.67. The following are tautologies, hence valid, for all patterns ϕ, ψ, χ,

ϕ↔ ϕ, (18)

ϕ ∨ ϕ↔ ϕ, (19)

ϕ↔ ϕ ∧ ϕ, (20)

ϕ ∨ ψ ↔ ψ ∨ ϕ, (21)

ϕ ∧ ψ ↔ ψ ∧ ϕ, (22)

ϕ→ ϕ ∨ ψ, (23)

ϕ ∧ ψ → ϕ, (24)

⊥ → ϕ, (25)

ϕ ∨ ¬ϕ, (26)

(ϕ→ (ψ → χ))↔ (ϕ ∧ ψ → χ), (27)

(ϕ→ (ψ → χ))↔ (ψ → (ϕ→ χ)), (28)

Proof. Let A be a τ -structure and F be an propositional A-evaluation.
(18): We have that e+(ϕ) = e+(ϕ), hence, by Lemma 3.63, F (ϕ↔ ϕ) = A.
(19): We have that F (ϕ ∨ ϕ) = F (ϕ) ∪ F (ϕ) = F (ϕ), hence, by Lemma 3.63, F (ϕ ∨ ϕ↔ ϕ) = A.
(20): We have that F (ϕ ∧ ϕ) = F (ϕ) ∩ F (ϕ) = F (ϕ), hence, by Lemma 3.63, F (ϕ↔ ϕ ∧ ϕ) = A.
(21): We have that F (ϕ ∨ ψ) = F (ϕ) ∪ F (ψ) = F (ψ) ∪ F (ϕ) = F (ψ ∨ ϕ), hence, by Lemma 3.63,
F (ϕ ∨ ψ ↔ ψ ∨ ϕ) = A.
(22): We have that F (ϕ ∧ ψ) = F (ϕ) ∩ F (ψ) = F (ψ) ∩ F (ϕ) = F (ψ ∧ ϕ), hence, by Lemma 3.63,
F (ϕ ∧ ψ ↔ ψ ∧ ϕ) = A.
(23): We have that F (ϕ) ⊆ F (ϕ)∪F (ψ) = F (ϕ∨ψ), hence, by Lemma 3.63, F (ϕ→ ϕ∨ψ) = A.
(24): We have that F (ϕ∧ψ) = F (ϕ)∩F (ψ) ⊆ F (ϕ), hence, by Lemma 3.63, F (ϕ∧ψ → ϕ) = A.
(25): We have that F (⊥ → ϕ) = CA(F (⊥) \ F (ϕ)) = CA(∅ \ F (ϕ)) = CA∅ = A.
(26): We have that F (ϕ ∨ ¬ϕ) = F (ϕ) ∪ F (¬ϕ) = F (ϕ) ∪ CAF (ϕ) = A.
(27): We have that

F (ϕ→ (ψ → χ)) = CAF (ϕ) ∪ F (ψ → χ) = CAF (ϕ) ∪ (CAF (ψ) ∪ F (χ))

= (CAF (ϕ) ∪ CAF (ψ)) ∪ F (χ)
(136)
= CA(F (ϕ) ∩ F (ψ)) ∪ F (χ)

= CAF (ϕ ∧ ψ) ∪ F (χ) = F (ϕ ∧ ψ → χ),

hence, by Lemma 3.63, F ((ϕ→ (ψ → χ))↔ (ϕ ∧ ψ → χ)) = A.
(28): We have that

F (ϕ→ (ψ → χ))
(27)
= F (ϕ ∧ ψ → χ) = CAF (ϕ ∧ ψ) ∪ F (χ)

= CAF (ϕ ∧ ψ) ∪ F (χ) as F (ϕ ∧ ψ) = F (ψ ∧ ϕ) by (22)

= F (ψ ∧ ϕ→ χ)
(27)
= F (ψ → (ϕ→ χ)).

3.9 Change of A-valuations

Notation 3.68. For any distinct element variables x, z and any a, b ∈ A, we define a new A-
valuation ex 7→a,z 7→b as follows: for all v ∈ EV ar and all V ∈ SV ar,

ex7→a,z 7→b(V ) = e(V ), ex 7→a,z 7→b(v) =


e(v) if v 6= x, z

a if v = x

b if v = z

(29)

It is obvious that ex7→a,z 7→b = (ex7→a)z 7→b = (ez 7→b)x 7→a.
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Notation 3.69. For any distinct set variables X,Z and any B,C ⊆ A, we define a new A-
valuation eX 7→B,Z 7→C as follows: for all v ∈ EV ar and all V ∈ SV ar,

eX 7→B,Z 7→C(v) = e(v), eX 7→B,Z 7→C(V ) =


e(V ) if V 6= X,Z

B if V = X

C if V = Z

(30)

It is obvious that eX 7→B,Z 7→C = (eX 7→B)Z 7→C = (eZ 7→C)X 7→B.

Notation 3.70. For any element variable x and set variable X and any a ∈ A,B ⊆ A, we define
a new A-valuation ex 7→a,X 7→B as follows: for all v ∈ EV ar and all V ∈ SV ar,

ex 7→a,X 7→B(v) =

{
e(v) if v 6= x

a if v = x
ex 7→a,X 7→B(V ) =

{
e(V ) if V 6= X

B if V = X
(31)

It is obvious that ex7→a,X 7→b = (ex 7→a)X 7→B = (eX 7→B)x7→a.

3.10 Substitution

3.10.1 Element variables

Proposition 3.71. Let ϕ, δ be patterns and x be an element variable such that x is free for δ in
ϕ. Assume that

(*) A is a τ -structure such that for every A-valuation e, e+(δ) = {ce}.

Then for every A-valuation e,

e+(Subfxδ ϕ) = (ex 7→ce)
+

(ϕ).

Proof. If x /∈ FV (ϕ), then Subfxδ ϕ = ϕ and e = ex 7→ce , by Proposition 3.9. The conclusion is
obvious.
We prove by induction on patterns that for all patterns ϕ such that x ∈ FV (ϕ), the following
holds:

for every A-valuation e, e+(Subfxδ ϕ) = (ex 7→ce)
+

(ϕ).

We use the definition by recursion on paterns of Subfxδ ϕ, given by Remark 2.31.

(i) ϕ is an atomic pattern. Since x ∈ FV (ϕ), we have that ϕ = x ∈ EV ar. Then Subfxδ ϕ =
δ. For every A-valuation e, we get that e+(Subfxδ ϕ) = e+(δ) = {ce}. Furthermore,

(ex 7→ce)
+

(ϕ) = (ex 7→ce)
+

(x) = {ce}.

(ii) ϕ = ψ ·χ. Then x ∈ FV (ψ), x ∈ FV (χ) and x is free for δ in ψ, χ. Let e be an A-valuation.
We can apply the induction hypothesis for ψ and χ to get that e+(Subfxδ ψ) = (ex 7→ce)

+
(ψ)

and e+(Subfxδ χ) = (ex7→ce)
+

(χ). It follows that

e+(Subfxδ ϕ) = e+(Subfxδ ψ · Subfxδ χ) = e+(Subfxδ ψ) ? e+(Subfxδ χ)

= (ex 7→ce)
+

(ψ) ? (ex 7→ce)
+

(χ) = (ex7→ce)
+

(ψ · χ) = (ex 7→ce)
+

(ϕ).

(iii) ϕ = ψ → χ. Then x ∈ FV (ψ), x ∈ FV (χ) and x is free for δ in ψ, χ. Let e be anA-valuation.
We can apply the induction hypothesis for ψ and χ to get that e+(Subfxδ ψ) = (ex 7→ce)

+
(ψ)

and e+(Subfxδ χ) = (ex 7→ce)
+

(χ). It follows that

e+(Subfxδ ϕ) = e+(Subfxδ ψ → Subfxδ χ) = CA
(
e+(Subfxδ ψ) \ e+(Subfxδ χ)

)
= CA

(
(ex 7→ce)

+
(ψ) \ (ex 7→ce)

+
(χ)
)

= (ex7→ce)
+

(ψ → χ)

= (ex7→ce)
+

(ϕ).
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(iv) ϕ = ∃z.ψ. Since x ∈ FV (ϕ), we have that x 6= z. Then x ∈ FV (ψ) and x is free for δ in ψ.
Let e be an A-valuation. We get that

e+(Subfxδ ϕ) = e+(∃z.Subfxδ ψ) =
⋃
a∈A

(ez 7→a)
+

(Subfxδ ψ)

=
(

(ez 7→a)x7→cez 7→a

)+

(ψ) by the induction hypothesis for ψ applied to ez 7→a.

As x is free for δ in ϕ and x ∈ FV (ψ), it follows that z /∈ FV (δ). Hence, by Proposition 3.9,
e+(δ) = (ez 7→a)

+
(δ), so ce = cez 7→a

. It follows that

e+(Subfxδ ϕ) =
(
(ez 7→a)x 7→ce

)+
(ψ) =

⋃
a∈A

(ex 7→ce,z 7→a)
+

(ψ) =
⋃
a∈A

((ex 7→ce)z 7→a)
+

(ψ)

= (ex 7→ce)
+

(ϕ),

since x 6= z, hence (ex 7→ce)z 7→a = (ez 7→ce)x 7→a = ex7→ce,z 7→a.

(v) ϕ = µX.ψ. Then x ∈ FV (ψ) and x is free for δ in ψ. Let e be an A-valuation.

e+(Subfxδ ϕ) = e+(µX.Subfxδ ψ) =
⋂{

B ⊆ A | (eX 7→B)
+

(Subfxδ ψ) ⊆ B
}

=
⋂{

B ⊆ A |
(

(eX 7→B)x 7→ceX 7→B

)+

(ψ) ⊆ B
}

by the induction hypothesis for ψ applied to eX 7→B .

As x is free for δ in ϕ and x ∈ FV (ψ), it follows that X /∈ FV (δ). Hence, by Proposition 3.9,

e+(δ) = (eX 7→B)
+

(δ), so ce = ceX 7→B
. Thus,

(
(eX 7→B)x 7→ceX 7→B

)+

(ψ) =
(
(eX 7→B)x 7→ce

)+
(ψ)

It follows that

e+(Subfxδ ϕ) =
⋂{

B ⊆ A |
(
(eX 7→B)x 7→ce

)+
(ψ) ⊆ B

}
=
⋂{

B ⊆ A | ((ex 7→ce)X 7→B)
+

(ψ) ⊆ B
}

= (ex7→ce)
+

(ϕ).

As an immediate consequence of Proposition 3.71, we get the following.

Corollary 3.72. Let ϕ be a pattern and x, y be variables such that x is free for y in ϕ. Then for
every τ -structure A and every A-valuation e,

e+(Subfxy ϕ) =
(
ex 7→e(y)

)+
(ϕ).

Proposition 3.73. Let ϕ be a pattern and x, y be variables such that x is free for y in ϕ. Then

� Subfxy ϕ→ ∃x.ϕ, (32)

� ∀x.ϕ→ Subfxy ϕ. (33)

Proof. Let (A, e). Apply Corollary 3.72 to get that e+(Subfxy ϕ) =
(
ex 7→e(y)

)+
(ϕ). It follows that

(34): e+(ϕx(y)) =
(
ex 7→e(y)

)+
(ϕ) ⊆

⋃
a∈A (ex 7→a)

+
(ϕ) = e+(∃x.ϕ).

(35): e+(ϕx(y)) =
(
ex 7→e(y)

)+
(ϕ) ⊇

⋂
a∈A (ex 7→a)

+
(ϕ) = e+(∀x.ϕ).

39



Bounded substitution

Proposition 3.74. Let ϕ be a pattern and x, y variables such that y does not occur in ϕ. Then

� ϕ↔ Subbxyϕ.

Proof. If x = y, then obviously Subbxyϕ = ϕ, hence � ϕ↔ Subbxyϕ. Assume that x 6= y.
Let A be a τ -structure. We prove by induction on ϕ that

for every A-valuation e, e+(ϕ) = e+(Subbxyϕ).

We use the definition by recursion on paterns of Subbxyϕ, given by Remark 2.39.

(i) ϕ is an atomic pattern. Then Subbxyϕ = ϕ, so e+(ϕ) = e+(Subbxyϕ) for every A-valuation e.

(ii) ϕ = ψ · χ. Let e be an A-valuation. By the induction hypothesis for ψ, χ, we have that
e+(ψ) = e+(Subbxyψ) and e+(χ) = e+(Subbxyχ). It follows that

e+(Subbxyϕ) = e+(Subbxy(ψ) · Subbxy(χ)) = e+(Subbxyψ) ? e+(Subbxyψ) = e+(ψ) ? e+(χ)

= e+(ψ · χ) = e+(ϕ).

(iii) ϕ = ψ → χ. Let e be an A-valuation. By the induction hypothesis for ψ, χ, we have that
e+(ψ) = e+(Subbxyψ) and e+(χ) = e+(Subbxyχ). It follows that

e+(Subbxyϕ) = e+(Subbxyψ → Subbxyχ) = CAe
+(Subbxyψ \ e+(Subbxyψ) = CA(e+(ψ) \ e+(χ))

= e+(ψ → χ) = e+(ϕ).

(iv) ϕ = ∃z.ψ. We have two cases:

1. x 6= z. Then

e+(Subbxyϕ) = e+(∃z.Subbxyψ) =
⋃
a∈A

(ez 7→a)
+

(Subbxyψ)

=
⋃
a∈A

(ez 7→a)
+

(ψ) by the induction hypothesis for ψ applied to ez 7→a

= e+(ϕ).

2. x = z. Then

e+(Subbxyϕ) = e+
(
∃y.Subfxy

(
Subbxyψ

))
=
⋃
a∈A

(ey 7→a)
+ (
Subfxy

(
Subbxyψ

))
.

As x 6= y and y does not occur in ψ, we have that x is free for y in Subbxyψ, by Proposition
2.41. We can apply then Corollary 3.72 to get that

(ey 7→a)
+ (
Subfxy

(
Subbxyψ

))
=
(

(ey 7→a)x 7→ey 7→a(y)

)+ (
Subbxyψ

)
=
(
(ey 7→a)x 7→a

)+ (
Subbxyψ

)
=
(

(ex 7→a)y 7→a

)+ (
Subbxyψ

)
= (ex 7→a)

+ (
Subbxyψ

)
,

since y does not occur in ψ, so y /∈ FV
(
Subbxyψ

)
, hence we can apply Proposition 3.9. It

follows that

e+(Subbxyϕ) =
⋃
a∈A

(ex 7→a)
+ (
Subbxyψ

)
=
⋃
a∈A

(ex 7→a)
+

(ψ) by the induction hypothesis for ψ applied to ex 7→a

= e+(ϕ).
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(v) ϕ = µX.ψ. Then

e+(Subbxyϕ) = e+(µX.Subbxyψ) =
⋂{

B ⊆ A | (eX 7→B)
+

(Subbxyψ) ⊆ B
}

=
⋂{

B ⊆ A | (eX 7→B)
+

(ψ) ⊆ B
}

by the induction hypothesis for ψ applied to eX 7→B

= e+(ϕ).

Free substitution

Proposition 3.75. Let ϕ be a pattern and x,y be variables. Then

� ϕx(y)→ ∃x.ϕ, (34)

� ∀x.ϕ→ ϕx(y). (35)

Proof. We have the following two cases:

(i) x is free for y in ϕ. Then ϕx(y) = Subfxy ϕ, so we apply Corollary 3.73 to get the conclusion.

(ii) x is not free for y in ϕ. Then ϕx(y) = Subfxy θ, where θ = Subbyzϕ, with z a new variable,
z /∈ V ar(ϕ)∪{y}. Since x is free for y in θ, we can apply Corollary 3.73 (with ϕ = θ) to get
that

� ϕx(y)→ ∃x.θ and � ∀x.θ → ϕx(y). (36)

Furthermore, by Proposition 3.74, we have that

� θ ↔ ϕ. (37)

Let (A, e). Then

e+(ϕx(y))
(36)

⊆ e+(∃x.θ) =
⋃
a∈A

(ex 7→a)
+

(θ)
(37)
=

⋃
a∈A

(ex 7→a)
+

(ϕ) = e+(∃x.ϕ),

e+(ϕx(y))
(36)

⊇ e+(∀x.θ) =
⋂
a∈A

(ex 7→a)
+

(θ)
(37)
=

⋂
a∈A

(ex 7→a)
+

(ϕ) = e+(∀x.ϕ),

Hence, A � (ϕx(y)→ ∃x.ϕ)[e] and A � (∀x.ϕ→ ϕx(y))[e].

3.10.2 Set variables

Proposition 3.76. Let ϕ, δ be patterns and X be a set variable such that X is free for δ in ϕ.
Then for every τ -structure A and every A-valuation e,

e+(SubfXδ ϕ) =
(
eX 7→e+(δ)

)+
(ϕ).

Proof. If X /∈ FV (ϕ), then SubfXδ ϕ = ϕ and e = eX 7→e+(δ), so the conclusion is obvious.
Let A be a τ -structure. We prove by induction on patterns that for all patterns ϕ such that
X ∈ FV (ϕ), the following holds:

for every A-valuation e, e+(SubfXδ ϕ) =
(
eX 7→e+(δ)

)+
(ϕ).

We use the definition by recursion on paterns of SubfXδ ϕ, given by Remark 2.43.
Assume in the sequel that X ∈ FV (ϕ). The proof is by induction on ϕ.
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(i) ϕ is an atomic pattern. Since X ∈ FV (ϕ), we have that ϕ = X. Then SubfXδ ϕ = δ. For

every A-valuation e, we get that e+(SubfXδ ϕ) = e+(δ). Furthermore,
(
eX 7→e+(δ)

)+
(ϕ) =(

eX 7→e+(δ)

)+
(X) = e+(δ).

(ii) ϕ = ψ · χ. Then X ∈ FV (ψ), X ∈ FV (χ) and X is free for δ in ψ, χ. Let e be an A-
valuation. We can apply the induction hypothesis for ψ and χ to get that e+(SubfXδ ψ) =(
eX 7→e+(δ)

)+
(ψ) and e+(SubfXδ χ) =

(
eX 7→e+(δ)

)+
(χ). It follows that

e+(SubfXδ ϕ) = e+(SubfXδ ψ · SubfXδ χ) = e+(SubfXδ ψ) ? e+(SubfXδ χ)

=
(
eX 7→e+(δ)

)+
(ψ) ?

(
eX 7→e+(δ)

)+
(χ) =

(
eX 7→e+(δ)

)+
(ψ · χ)

=
(
eX 7→e+(δ)

)+
(ϕ).

(iii) ϕ = ψ → χ. Then X ∈ FV (ψ), X ∈ FV (χ) and X is free for δ in ψ, χ. Let e be an
A-valuation. We can apply the induction hypothesis for ψ and χ to get that e+(SubfXδ ψ) =(
eX 7→e+(δ)

)+
(ψ) and e+(SubfXδ χ) =

(
eX 7→e+(δ)

)+
(χ). It follows that

e+(SubfXδ ϕ) = e+(SubfXδ ψ → SubfXδ χ) = CA
(
e+(SubfXδ ψ) \ e+(SubfXδ χ)

)
= CA

((
eX 7→e+(δ)

)+
(ψ) \

(
eX 7→e+(δ)

)+
(χ)
)

=
(
eX 7→e+(δ)

)+
(ψ → χ)

=
(
eX 7→e+(δ)

)+
(ϕ).

(iv) ϕ = ∃x.ψ. Then X ∈ FV (ψ) and X is free for δ in ψ. Let e be an A-valuation.

e+(SubfXδ ϕ) = e+(∃x.SubfXδ ψ) =
⋃
a∈A

(ex 7→a)
+

(SubfXδ ψ)

=
⋃
a∈A

(
(ex 7→a)X 7→(ex7→a)+(δ)

)+

(ψ)

by the induction hypothesis for ψ applied to ex7→a.

As X is free for δ in ϕ and X ∈ FV (ψ), it follows that x /∈ FV (δ). Hence, by Proposition
3.9, e+(δ) = (ex 7→a)

+
(δ).

It follows that

e+(SubfXδ ϕ) =
⋃
a∈A

(
(ex 7→a)X 7→e+(δ)

)+

(ψ) =
⋃
a∈A

((
eX 7→e+(δ)

)
x 7→a

)+
(ψ)

=
(
eX 7→e+(δ)

)+
(∃x.ψ)

(v) ϕ = µZ.ψ. Since X ∈ FV (ϕ), we have that X 6= Z. Then X ∈ FV (ψ) and X is free for δ
in ψ. Let e be an A-valuation. We get that

e+(SubfXδ ϕ) = e+(µZ.SubfXδ ψ) =
⋂{

B ⊆ A | (eZ 7→B)
+

(SubfXδ ψ) ⊆ B
}

=
⋂{

B ⊆ A |
(

(eZ 7→B)X 7→(eZ 7→B)+(δ)

)+

(ψ) ⊆ B
}

by the induction hypothesis for ψ applied to eZ 7→B .

As X is free for δ in ϕ and X ∈ FV (ϕ), it follows that Z /∈ FV (δ). Hence, by Proposition
3.9, e+(δ) = (eZ 7→B)

+
(δ). It follows that

e+(SubfXδ ϕ) =
⋂{

B ⊆ A |
(

(eZ 7→B)X 7→e+(δ)

)+

(ψ) ⊆ B
}

=
⋂{

B ⊆ A |
((
eX 7→e+(δ)

)
Z 7→B

)+
(ψ) ⊆ B

}
=
(
eX 7→e+(δ)

)+
(µZ.ψ) =

(
eX 7→e+(δ)

)+
(ϕ).
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As an immediate consequence of Proposition 3.76, we get the following.

Corollary 3.77. Let ϕ be a pattern and X,Y be variables such that X is free for Y in ϕ. Then
for every τ -structure A and every A-valuation e,

e+(SubfXY ϕ) =
(
eX 7→e(Y )

)+
(ϕ).

Bounded substitution

Proposition 3.78. Let ϕ be a pattern and X,Y variables such that Y does not occur in ϕ. Then

� ϕ↔ SubbXY ϕ.

Proof. If X = Y , then obviously SubbXY ϕ = ϕ, hence � ϕ↔ SubbXY ϕ. Assume that X 6= Y .
Let A be a τ -structure. We prove by induction on ϕ that

for any A-valuation e, e+(ϕ) = e+(SubbXY ϕ).

We use the definition by recursion on paterns of SubbXY ϕ given by Remark 2.48.

(i) ϕ is an atomic pattern. Then SubbXY ϕ = ϕ, hence e+(ϕ) = e+(SubbXY ϕ) for every A-
valuation e.

(ii) ϕ = ψ · χ. Let e be an A-valuation. By the induction hypothesis for ψ, χ, we have that
e+(ψ) = e+(SubbXY ψ) and e+(χ) = e+(SubbXY χ). It follows that

e+(SubbXY ϕ) = e+(SubbXY (ψ) · SubbXY (χ)) = e+(SubbXY ψ) ? e+(SubbXY ψ) = e+(ψ) ? e+(χ)

= e+(ψ · χ) = e+(ϕ).

(iii) ϕ = ψ → χ. Let e be an A-valuation. By the induction hypothesis for ψ, χ, we have that
e+(ψ) = e+(SubbXY ψ) and e+(χ) = e+(SubbXY χ). It follows that

e+(SubbXY ϕ) = e+(SubbXY ψ → SubbXY χ) = CAe
+(SubbXY ψ \ e+(SubbXY ψ)

= CA(e+(ψ) \ e+(χ)) = e+(ψ → χ) = e+(ϕ).

(iv) ϕ = ∃x.ψ. Then

e+(SubbXY ϕ) = e+(∃x.SubbXY ψ) =
⋂
a∈A

(ex 7→a)
+

(SubbXY ψ)

=
⋂
a∈A

(ex 7→a)
+

(ϕ) by the induction hypothesis for ψ applied to ex7→a

= e+(ϕ).

(v) ϕ = µX.ψ. We have two cases:

1. X 6= Z, then

e+(SubbXY ϕ) = e+(µZ.SubbXY ψ) =
⋂{

B ⊆ A | (eZ 7→B)
+

(SubbXY ψ) ⊆ B
}

=
⋂{

B ⊆ A | (eZ 7→B)
+

(ψ) ⊆ B
}

by the induction hypothesis for ψ applied to eZ 7→B

= e+(ϕ).
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2. X = Z. Then

e+(SubbXY ϕ) = e+
(
µY.SubfXY

(
SubbXY ψ

))
=
⋂{

B ⊆ A | (eY 7→B)
+

(SubfXY
(
SubbXY ψ

)
) ⊆ B

}
.

As Y does not occur in ψ, we have that that X is free for Y in SubbXY ϕ1, by Proposition
2.50. We can apply then Corollary 3.77 to get that

(eY 7→B)
+ (
SubfXY

(
SubbXY ψ

))
=
(

(eY 7→B)X 7→eY 7→B(Y )

)+ (
SubbXY ψ

)
= ((eY 7→B)X 7→B)

+ (
SubbXY ψ

)
= (eX 7→B)

+ (
SubbXY ψ

)
since Y does not occur in ψ, so Y /∈ FV

(
SubbXY ψ

)
, hence we can apply Proposition 3.9. It

follows that

e+(SubbXY ϕ) =
⋂{

B ⊆ A | (eX 7→B)
+ (
SubbXY ψ

)
⊆ B

}
=
⋂{

B ⊆ A | (eX 7→B)
+

(ψ) ⊆ B
}

by the induction hypothesis for ψ applied to eX 7→B

= e+(ϕ).

3.11 Semantics of ν

Proposition 3.79. For every pattern ϕ and set variable X,

e+(νX.ϕ) =
⋃{

D ⊆ A | (eX 7→D)
+

(ϕ) ⊇ D
}
.

Proof. As νX.ϕ = ¬µX.¬SubfX¬Xϕ, we get that

e+(νX.ϕ) = e+(¬µX.¬SubfX¬Xϕ) = CAe
+(µX.¬SubfX¬Xϕ)

= CA
⋂{

B ⊆ A | (eX 7→B)
+

(¬SubfX¬Xϕ)) ⊆ B
}

=
⋃{

CAB | B ⊆ A such that CA (eX 7→B)
+

(SubfX¬Xϕ)) ⊆ B
}

=
⋃{

CAB | B ⊆ A such that (eX 7→B)
+

(SubfX¬Xϕ)) ⊇ CAB
}
.

As, obviously, X is free for ¬X in ϕ, we have by Proposition 3.76 that

(eX 7→B)
+

(SubfX¬Xϕ) =
(

(eX 7→B)X 7→(eX 7→B)+(¬X)

)+

(ϕ) =
(
(eX 7→B)X 7→CAB

)+
(ϕ)

= (eX 7→CAB)
+

(ϕ).

It follows that

e+(νX.ϕ) =
⋃{

CAB | B ⊆ A such that (eX 7→CAB)
+

(ϕ) ⊇ CAB
}

=
⋃{

D ⊆ A | (eX 7→D)
+

(ϕ) ⊇ D
}
.
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3.12 Least and greatest unique fixpoints

Let ϕ be a pattern and X be a set variable. Define, for every (A, e), the function

FA,eϕ,X : 2A → 2A, FA,eϕ,X(B) = (eX 7→B)
+

(ϕ) (38)

Proposition 3.80. (i) If ϕ is positive in X, then for all (A, e), FA,eϕ,X is monotone increasing,
that is: for all B,C ⊆ A,

B ⊆ C implies FA,eϕ,X(B) ⊆ FA,eϕ,X(C).

(ii) If ϕ is negative in X, then for all (A, e), FA,eϕ,X is monotone decreasing, that is: for all
B,C ⊆ A,

B ⊆ C implies FA,eϕ,X(B) ⊇ FA,eϕ,X(C).

Proof. We prove (i) and (ii) simultaneously by induction on ϕ. We use Remarks 2.28, 2.29.

(a) ϕ is atomic and ϕ 6= X. Then ϕ is both positive and negative in X. As X /∈ FV (ϕ), we have

that (eX 7→B)
+

(ϕ) = (eX 7→C)
+

(ϕ) = e+(ϕ). It follows that FA,eϕ,X(B) = FA,eϕ,X(C) = e+(ϕ).

(b) ϕ = X. Then ϕ is positive inX, hence FA,eϕ,X(B) = (eX 7→B)
+

(X) = B ⊆ C = (eX 7→C)
+

(X) =

FA,eϕ,X(C).

(c) ϕ = ψ · χ.

(i) Assume that ϕ is positive in X. We have that both ψ, χ are positive in X. We can apply

the induction hypothesis to get that FA,eψ,X(B) ⊆ FA,eψ,X(C) and FA,eχ,X(B) ⊆ FA,eχ,X(C). It
follows that

FA,eϕ,X(B) = (eX 7→B)
+

(ψ · χ) = (eX 7→B)
+

(ψ) ? (eX 7→B)
+

(χ) = FA,eψ,X(B) ? FA,eχ,X(B)

(15)

⊆ FA,eψ,X(C) ? FA,eχ,X(C) = (eX 7→C)
+

(ψ) ? (eX 7→C)
+

(χ) = (eX 7→C)
+

(ψ · χ)

= FA,eϕ,X(C).

(ii) Assume that ϕ is negative in X. We have that both ψ, χ are negative in X. We

can apply the induction hypothesis to get that FA,eψ,X(B) ⊇ FA,eψ,X(C) and FA,eχ,X(B) ⊇
FA,eχ,X(C). It follows that

FA,eϕ,X(B) = (eX 7→B)
+

(ψ · χ) = (eX 7→B)
+

(ψ) ? (eX 7→B)
+

(χ) = FA,eψ,X(B) ? FA,eχ,X(B)

(15)

⊇ FA,eψ,X(C) ? FA,eχ,X(C) = (eX 7→C)
+

(ψ) ? (eX 7→C)
+

(χ) = (eX 7→C)
+

(ψ · χ)

= FA,eϕ,X(C).

(d) ϕ = ψ → χ.

(i) Assume that ϕ is positive in X. We have that ψ is negative in X and χ is positive

in X. We can apply the induction hypothesis for χ to get that FA,eχ,X(B) ⊆ FA,eχ,X(C)

and the induction hypothesis for ψ to get that FA,eψ,X(B) ⊇ FA,eψ,X(C), so CAFA,eψ,X(B) ⊆
CAFA,eψ,X(C). It follows that

FA,eϕ,X(B) = (eX 7→B)
+

(ψ → χ) = CA (eX 7→B)
+

(ψ) ∪ (eX 7→B)
+

(χ)

= CAFA,eψ,X(B) ∪ FA,eχ,X(B)

⊆ CAFA,eψ,X(C) ∪ FA,eχ,X(C)

= CA (eX 7→C)
+

(ψ) ∪ (eX 7→C)
+

(χ) = (eX 7→C)
+

(ψ → χ)

= FA,eϕ,X(C).
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(ii) Assume that ϕ is negative in X. We have that ψ is positive in X and χ is negative

in X. We can apply the induction hypothesis for χ to get that FA,eχ,X(B) ⊇ FA,eχ,X(C)

and the induction hypothesis for ψ to get that FA,eψ,X(B) ⊆ FA,eψ,X(C), so CAFA,eψ,X(B) ⊇
CAFA,eψ,X(C). It follows that

FA,eϕ,X(B) = (eX 7→B)
+

(ψ → χ) = CA (eX 7→B)
+

(ψ) ∪ (eX 7→B)
+

(χ)

= CAFA,eψ,X(B) ∪ FA,eχ,X(B)

⊇ CAFA,eψ,X(C) ∪ FA,eχ,X(C)

= CA (eX 7→C)
+

(ψ) ∪ (eX 7→C)
+

(χ) = (eX 7→C)
+

(ψ → χ)

= FA,eϕ,X(C).

(e) ϕ = ∃x.ψ.

(i) Assume that ϕ is positive in X. We have that ψ is positive in X. It follows that

FA,eϕ,X(B) = (eX 7→B)
+

(∃x.ψ) =
⋃
a∈A

((eX 7→B)x 7→a)
+

(ψ) =
⋃
a∈A

((ex 7→a)X 7→B)
+

(ψ)

=
⋃
a∈A
FA,ex 7→a

ψ,X (B) ⊆
⋃
a∈A
FA,ex 7→a

ψ,X (C)

by the induction hypothesis for ψ applied to ex7→a

=
⋃
a∈A

((ex7→a)X 7→C)
+

(ψ) =
⋃
a∈A

((eX 7→C)x7→a)
+

(ψ) = (eX 7→C)
+

(∃x.ψ)

= FA,eϕ,X(C).

(ii) Assume that ϕ is negative in X. We have that ψ is negative in X. It follows that

FA,eϕ,X(B) = (eX 7→B)
+

(∃x.ψ) =
⋃
a∈A

((eX 7→B)x7→a)
+

(ϕ) =
⋃
a∈A

((ex 7→a)X 7→B)
+

(ϕ)

=
⋃
a∈A
FA,ex 7→a

ψ,X (B) ⊇
⋃
a∈A
FA,ex7→a

ψ,X (C)

by the induction hypothesis for ψ applied to ex7→a

=
⋃
a∈A

((ex 7→a)X 7→C)
+

(ψ) =
⋃
a∈A

((eX 7→C)x 7→a)
+

(ψ) = (eX 7→C)
+

(∃x.ψ)

= FA,eϕ,X(C).

(f) ϕ = µZ.ψ. If Z = X, then ϕ is both positive and negative in X. As X /∈ FV (ϕ), we have

that (eX 7→B)
+

(ϕ) = (eX 7→C)
+

(ϕ) = e+(ϕ). It follows that FA,eϕ,X(B) = FA,eϕ,X(C) = e+(ϕ).

Suppose that X 6= Z.

(i) Assume that ϕ is positive in X. We have that ψ is positive in X. It follows that

FA,eϕ,X(B) = (eX 7→B)
+

(µZ.ψ) =
⋂{

D ⊆ A | ((eX 7→B)Z 7→D)
+

(ψ) ⊆ D
}

=
⋂{

D ⊆ A | ((eZ 7→D)X 7→B)
+

(ψ) ⊆ D
}

=
⋂{

D ⊆ A | FA,eZ 7→D

ψ,X (B) ⊆ D
}

⊆
⋂{

D ⊆ A | FA,eZ 7→D

ψ,X (C) ⊆ D
}
,

as, by the induction hypothesis for ψ applied to eZ 7→D, we have that FA,eZ 7→D

ψ,X (B) ⊆
FA,eZ 7→D

ψ,X (C), so FA,eZ 7→D

ψ,X (C) ⊆ D implies FA,eZ 7→D

ψ,X (B) ⊆ D, hence{
D ⊆ A | FA,eZ 7→D

ψ,X (C) ⊆ D
}
⊆
{
D ⊆ A | FA,eZ 7→D

ψ,X (B) ⊆ D
}
.
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Thus,

FA,eϕ,X(B) ⊆
⋂{

D ⊆ A | FA,eZ 7→D

ψ,X (C) ⊆ D
}

=
⋂{

D ⊆ A | ((eZ 7→D)X 7→C)
+

(ψ) ⊆ D
}

=
⋂{

D ⊆ A | ((eX 7→C)Z 7→D)
+

(ψ) ⊆ D
}

= (eX 7→C)
+

(µZ.ψ) = FA,eϕ,X(C).

(ii) Assume that ϕ is negative in X. We have that ψ is negative in X. It follows that

FA,eϕ,X(B) = (eX 7→B)
+

(µZ.ψ) =
⋂{

D ⊆ A | ((eX 7→B)Z 7→D)
+

(ψ) ⊆ D
}

=
⋂{

D ⊆ A | ((eZ 7→D)X 7→B)
+

(ψ) ⊆ D
}

=
⋂{

D ⊆ A | FA,eZ 7→D

ψ,X (B) ⊆ D
}

⊇
⋂{

D ⊆ A | FA,eZ 7→D

ψ,X (C) ⊆ D
}
,

as, by the induction hypothesis for ψ applied to eZ 7→D, we have that FA,eZ 7→D

ψ,X (B) ⊇
FA,eZ 7→D

ψ,X (C), so FA,eZ 7→D

ψ,X (B) ⊆ D implies FA,eZ 7→D

ψ,X (C) ⊆ D, hence{
D ⊆ A | FA,eZ 7→D

ψ,X (B) ⊆ D
}
⊆
{
D ⊆ A | FA,eZ 7→D

ψ,X (C) ⊆ D
}
.

Thus,

FA,eϕ,X(B) ⊇
⋂{

D ⊆ A | FA,eZ 7→D

ψ,X (C) ⊆ D
}

=
⋂{

D ⊆ A | ((eZ 7→D)X 7→C)
+

(ψ) ⊆ D
}

=
⋂{

D ⊆ A | ((eX 7→C)Z 7→D)
+

(ψ) ⊆ D
}

= (eX 7→C)
+

(µZ.ψ) = FA,eϕ,X(C).

As a consequence of Knaster-Tarski Theorem B.2, it follows that if ϕ is positive in X, then FA,eϕ,X

has a unique least fixpoint µFA,eϕ,X and a unique greatest fixpoint νFA,eϕ,X , given by:

µFA,eϕ,X =
⋂
{B ⊆ A | FA,eϕ,X(B) ⊆ B} =

⋂
{B ⊆ A | (eX 7→B)

+
(ϕ) ⊆ B},

νFA,eϕ,X =
⋃
{B ⊆ A | B ⊆ FA,eϕ,X(B)} =

⋃
{B ⊆ A | B ⊆ (eX 7→B)

+
(ϕ)}.

Furthermore, by Definition 3.5.(viii) and Proposition 3.79, we get that

µFA,eϕ,X = e+(µX.ϕ) and νFA,eϕ,X = e+(νX.ϕ). (39)

Thus,

Proposition 3.81. Let ϕ be a pattern and X be a set variable such that ϕ is positive in X. Then,
for every (A, e),

(i)
(
eX 7→e+(µX.ϕ)

)+
(ϕ) = e+(µX.ϕ) and

(
eX 7→e+(νX.ϕ)

)+
(ϕ) = e+(νX.ϕ).

(ii) For every B ⊆ A such that (eX 7→B)
+

(ϕ) = B,

e+(µX.ϕ) ⊆ B ⊆ e+(νX.ϕ).
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3.13 Equivalences, logical consequences, validities

Proposition 3.82. For all patterns ϕ, ψ, χ,

� ϕ↔ ϕ, (40)

� ϕ↔ ψ iff � ψ ↔ ϕ, (41)

� ϕ↔ ψ and � ψ ↔ χ implies � ϕ↔ χ, (42)

� ϕ→ ψ and � ψ → χ implies � ϕ→ χ. (43)

Proof. (40): It follows by (18) and Proposition 3.66.
(41): We have that � ϕ↔ ψ iff A � (ϕ↔ ψ)[e] for every (A, e) iff e+(ϕ) = e+(ψ) for every (A, e)
iff e+(ψ) = e+(ϕ) for every (A, e) iff A � (ψ ↔ ϕ)[e] for every (A, e) iff � ψ ↔ ϕ.
(42): Let (A, e). Then A � (ϕ ↔ ψ)[e], hence e+(ϕ) = e+(ψ). Furthermore, A � (ψ ↔ χ)[e],
hence e+(ψ) = e+(χ). It follows that e+(ϕ) = e+(χ). Thus, A � (ϕ↔ χ)[e].
(43): Assume that � ϕ→ ψ and � ψ → χ. Let (A, e). ThenA � (ϕ→ ψ)[e], hence e+(ϕ) ⊆ e+(ψ).
Furthermore, A � (ψ → χ)[e], hence e+(ψ) ⊆ e+(χ). It follows that e+(ϕ) ⊆ e+(χ). Thus,
A � (ϕ→ χ)[e].

Proposition 3.83. For any pattern ϕ and any variable x,

� ∀x.ϕ→ ∃x.ϕ, (44)

� ∀x.ϕ→ ϕ, (45)

� ϕ→ ∃x.ϕ, (46)

� ∃x.x, (47)

� ∀x.ϕ iff � ϕ (48)

Proof. We apply Proposition 3.8.(ix).
(44): Let (A, e). Then e+(∀x.ϕ) =

⋂
a∈A (ex 7→a)

+
(ϕ) ⊆

⋃
a∈A (ex7→a)

+
(ϕ) = e+(∃x.ϕ).

(45): Let (A, e). Then e+(∀x.ϕ) =
⋂
a∈A (ex 7→a)

+
(ϕ) ⊆

(
ex 7→e(x)

)+
(ϕ) = e+(ϕ).

(46): Let (A, e). Then e+(ϕ) =
(
ex 7→e(x)

)+
(ϕ) ⊆

⋃
a∈A (ex7→a)

+
(ϕ) = e+(∃x.ϕ).

(47): Let (A, e). Then e+(∃x.x) =
⋃
a∈A (ex7→a)

+
(x) =

⋃
a∈A{a} = A. Thus, A � (∃x.x)[e].

(48): By Proposition 3.12.(viii).

Proposition 3.84. For any pattern ϕ and any variable x,

� ∃x.ϕ↔ ϕ if x /∈ FV (ϕ), (49)

� ∀x.ϕ↔ ϕ if x /∈ FV (ϕ). (50)

Proof. We apply Proposition 3.8.(x). Let (A, e). As x /∈ FV (ϕ), we can apply Proposition 3.9 to
get that (ex 7→a)

+
(ϕ) = e+(ϕ) for any a ∈ A.

(49): We have that e+(∃x.ϕ) =
⋃
a∈A (ex 7→a)

+
(ϕ) =

⋃
a∈A e

+(ϕ) = e+(ϕ).

(50): We have that e+(∀x.ϕ) =
⋂
a∈A (ex 7→a)

+
(ϕ) =

⋂
a∈A e

+(ϕ) = e+(ϕ).

3.14 Rules

Let Γ be a set of patterns.

3.14.1 �s

Proposition 3.85. For all patterns ϕ, ψ, χ,

Γ �s ϕ and Γ �s ϕ→ ψ ⇒ Γ �s ψ (51)

Γ �s ϕ→ ψ and Γ �s ψ → χ ⇒ Γ �s ϕ→ χ (52)

Γ �s ϕ ∧ ψ → χ ⇒ Γ �s ϕ→ (ψ → χ) (53)

Γ �s ϕ→ (ψ → χ) ⇒ Γ �s ϕ ∧ ψ → χ (54)
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Proof. Let (A, e).
(51): Assume that Γ �s ϕ and Γ �s ϕ→ ψ. Then

⋂
γ∈Γ e

+(γ) ⊆ e+(ϕ) and
⋂
γ∈Γ e

+(γ) ⊆ e+(ϕ→
ψ), hence

⋂
γ∈Γ e

+(γ) ⊆ e+(ϕ) ∩ e+(ϕ→ ψ). Remark that

e+(ϕ) ∩ e+(ϕ→ ψ) = e+(ϕ) ∩
(
CAe

+(ϕ) ∪ e+(ψ)
)

=
(
e+(ϕ) ∩ CAe+(ϕ)

)
∪
(
e+(ϕ) ∩ e+(ψ)

)
= ∅ ∪

(
e+(ϕ) ∩ e+(ψ)

)
= e+(ϕ) ∩ e+(ψ) ⊆ e+(ψ).

Hence,
⋂
γ∈Γ e

+(γ) ⊆ e+(ψ), that is Γ �s ψ.

(52): Assume that Γ �s ϕ → ψ and Γ �s ψ → χ. Then
⋂
γ∈Γ e

+(γ) ⊆ e+(ϕ → ψ) and⋂
γ∈Γ e

+(γ) ⊆ e+(ψ → χ), hence
⋂
γ∈Γ e

+(γ) ⊆ e+(ϕ→ ψ) ∩ e+(ψ → χ). Remark now that

e+(ϕ→ ψ) ∩ e+(ψ → χ) = CA
(
e+(ϕ) \ e+(ψ)

)
∩ CA

(
e+(ψ) \ e+(χ)

)
(135)
= CA

(
(e+(ϕ) \ e+(ψ)) ∪ (e+(ψ) \ e+(χ)

)
⊆ CA

(
e+(ϕ) \ e+(χ) by (132) and (140)

= e+(ϕ→ χ).

(53), (54): By (27) and Remark 3.25.(ii), we have that ϕ → (ψ → χ) ��s ϕ → (ψ → χ). Apply
now Remark 3.48.(ii).

3.14.2 �l

Proposition 3.86. For all patterns ϕ, ψ, χ,

Γ �l ϕ and Γ �l ϕ→ ψ ⇒ Γ �l ψ (55)

Γ �l ϕ→ ψ and Γ �l ψ → χ ⇒ Γ �l ϕ→ χ (56)

Γ �l ϕ ∧ ψ → χ ⇒ Γ �l ϕ→ (ψ → χ) (57)

Γ �l ϕ→ (ψ → χ) ⇒ Γ �l ϕ ∧ ψ → χ (58)

Proof. Let (A, e) be A � Γ[e].
(55): Assume that Γ �l ϕ and Γ �l ϕ → ψ. Then A � ϕ[e] and A � (ϕ → ψ)[e], hence
Ae+(ϕ) ⊆ e+(ψ). It follows that e+(ψ) = A, hence A � ψ[e].
(56): Assume that Γ �l ϕ→ ψ and Γ �l ψ → χ. Then A � (ϕ→ ψ)[e] and A � (ψ → χ)[e], hence
e+(ϕ) ⊆ e+(ψ) and e+(ψ) ⊆ e+(χ). It follows that e+(ϕ) ⊆ e+(χ), so A � (ϕ→ χ)[e].
(57), (58): By (27) and Remark 3.25.(ii), we have that ϕ→ (ψ → χ) ��s ϕ→ (ψ → χ), hence, by
Remark 3.27.(ii), ϕ→ (ψ → χ) ��l ϕ→ (ψ → χ). Apply now Remark 3.41.(ii)

3.14.3 �g

Proposition 3.87. For all patterns ϕ, ψ, χ,

Γ �g ϕ and Γ �g ϕ→ ψ ⇒ Γ �g ψ, (59)

Γ �g ϕ→ ψ and Γ �g ψ → χ ⇒ Γ �g ϕ→ χ, (60)

Γ �g ϕ ∧ ψ → χ ⇒ Γ �g ϕ→ (ψ → χ), (61)

Γ �g ϕ→ (ψ → χ), ⇒ Γ �g ϕ ∧ ψ → χ, (62)

Γ �g ϕ→ ψ ⇒ Γ �g ∃x.ϕ→ ψ if x /∈ FV (ψ). (63)

Proof. Let A be such that A � Γ.
(59): Assume that Γ �g ϕ and Γ �g ϕ → ψ. Let e be an A-evaluation. Then A � ϕ[e] and
A � (ϕ→ ψ)[e], so A = e+(ϕ) ⊆ e+(ψ). It follows that e+(ψ) = A, hence A � ψ[e].
(60): Assume that Γ �g ϕ→ ψ and Γ �g ψ → χ. Let e be an A-evaluation. Then A � (ϕ→ ψ)[e]
and A � (ψ → χ)[e], hence e+(ϕ) ⊆ e+(ψ) and e+(ψ) ⊆ e+(χ). It follows that e+(ϕ) ⊆ e+(χ), so
A � (ϕ→ χ)[e].
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(61), (62): By (27) and Remark 3.25.(ii), we have that ϕ→ (ψ → χ) ��s ϕ→ (ψ → χ), hence, by
Remark 3.27.(ii), ϕ→ (ψ → χ) ��g ϕ→ (ψ → χ). Apply now Remark 3.34.(ii).
(63) Assume that Γ �g ϕ → ψ. Let e be an A-evaluation. Then for every a ∈ A, A � (ϕ →
ψ)[ex7→a], so (ex7→a)

+
(ϕ) ⊆ (ex 7→a)

+
(ψ). Since x /∈ FV (ψ), we have that (ex 7→a)

+
(ψ) = e+(ψ).

Thus, we have got that for every a ∈ A, (ex 7→a)
+

(ϕ) ⊆ e+(ψ). It follows that e+(∃x.ϕ) =⋃
a∈A (ex 7→a)

+
(ϕ) ⊆ e+(ψ), that is A � (∃x.ϕ→ ψ)[e].

3.15 Application

Proposition 3.88. For all patterns ϕ, ψ, χ,

� ϕ · ⊥ ↔ ⊥, (64)

� ⊥ · ϕ↔ ⊥, (65)

� (ϕ ∨ ψ) · χ↔ ϕ · χ ∨ ψ · χ, (66)

� χ · (ϕ ∨ ψ)↔ χ · ϕ ∨ χ · ψ, (67)

� (∃x.ϕ) · ψ ↔ ∃x.ϕ · ψ if x /∈ FV (ψ), (68)

� ψ · (∃x.ϕ)↔ ∃x.ψ · ϕ if x 6∈ FV (ψ). (69)

Proof. Let (A, e).
(64), (65): Apply (5) to get that e+(ϕ · ⊥) = e+(ϕ) ? e+(⊥) = e+(ϕ) ? ∅ = ∅ = e+(⊥) and
e+(⊥ · ϕ) = e+(⊥) ? e+(ϕ) = ∅ ? e+(ϕ) = ∅ = e+(⊥).

(67): We have that e+((ϕ ∨ ψ) · χ) = e+(ϕ ∨ ψ) ? e+(χ) = (e+(ϕ) ∪ e+(ψ)) ? e+(χ)
(6)
= (e+(ϕ) ?

e+(χ)) ∪ (e+(ψ) ? e+(χ)) = e+(ϕ · χ) ∪ e+(ψ · χ) = e+(ϕ · χ ∨ ψ · χ).

(66): We have that e+(χ · (ϕ ∨ ψ)) = e+(χ) ? e+(ϕ ∨ ψ) = e+(χ) ? (e+(ϕ) ∪ e+(ψ))
(7)
= (e+(χ) ?

e+(ϕ)) ∪ (e+(χ) ? e+(ψ)) = e+(χ · ϕ) ∪ e+(χ · ψ) = e+(χ · ϕ ∨ χ · ψ).
(68): We have that

e+((∃x.ϕ) · ψ) = e+(∃x.ϕ) ? e+(ψ) =

(⋃
a∈A

(ex 7→a)
+

(ϕ)

)
? e+(ψ)

(10)
=

⋃
a∈A

((ex 7→a)
+

(ϕ) ? e+(ψ))

=
⋃
a∈A

(
(ex7→a)

+
(ϕ) ? (ex7→a)

+
(ψ)
)

as x /∈ FV (ψ), hence (ex 7→a)
+

(ψ) = e+(ψ)

=
⋃
a∈A

(ex7→a)
+

(ϕ · ψ) = e+(∃x.ϕ · ψ).

(68): We have that

e+(ψ · (∃x.ϕ)) = e+(ψ) ? e+(∃x.ϕ) = e+(ψ) ?

(⋃
a∈A

(ex 7→a)
+

(ϕ)

)
(11)
=

⋃
a∈A

(e+(ψ) ? (ex7→a)
+

(ϕ))

=
⋃
a∈A

(
(ex7→a)

+
(ψ) ? (ex 7→a)

+
(ϕ)
)

as x /∈ FV (ψ), hence (ex 7→a)
+

(ψ) = e+(ψ)

=
⋃
a∈A

(ex7→a)
+

(ψ · ϕ) = e+(∃x.ψ · ϕ).

Proposition 3.89. For all patterns ϕ, ψ, χ,

� (ϕ ∧ ψ) · χ→ ϕ · χ ∧ ψ · χ, (70)

� χ · (ϕ ∧ ψ)→ χ · ϕ ∧ χ · ψ, (71)

� (∀x.ϕ) · ψ → ∀x.ϕ · ψ if x /∈ FV (ψ), (72)

� ψ · (∀x.ϕ)→ ∀x.ψ · ϕ if x 6∈ FV (ψ). (73)
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Proof. Let (A, e).

(70): We have that e+((ϕ ∧ ψ) · χ) = e+(ϕ ∧ ψ) ? e+(χ) = (e+(ϕ) ∩ e+(ψ)) ? e+(χ)
(8)

⊆ (e+(ϕ) ?
e+(χ)) ∩ (e+(ψ) ? e+(χ)) = e+(ϕ · χ) ∩ e+(ψ · χ) = e+(ϕ · χ ∧ ψ · χ).

(71): We have that e+(χ · (ϕ ∧ ψ)) = e+(χ) ? e+(ϕ ∧ ψ) = e+(χ) ? (e+(ϕ) ∩ e+(ψ))
(9)

⊆ (e+(χ) ?
e+(ϕ)) ∩ (e+(χ) ? e+(ψ)) = e+(χ · ϕ) ∩ e+(χ · ψ) = e+(χ · ϕ ∧ χ · ψ).
(72): We have that

e+((∀x.ϕ) · ψ) = e+(∀x.ϕ) ? e+(ψ) =

(⋂
a∈A

(ex 7→a)
+

(ϕ)

)
? e+(ψ)

(12)

⊆
⋂
a∈A

((ex 7→a)
+

(ϕ) ? e+(ψ))

=
⋂
a∈A

(
(ex7→a)

+
(ϕ) ? (ex7→a)

+
(ψ)
)

as x /∈ FV (ψ), hence (ex 7→a)
+

(ψ) = e+(ψ)

=
⋂
a∈A

(ex7→a)
+

(ϕ · ψ) = e+(∀x.ϕ · ψ).

(72):

e+(ψ · (∀x.ϕ)) = e+(ψ) ? e+(∀x.ϕ) = e+(ψ) ?

(⋂
a∈A

(ex 7→a)
+

(ϕ)

)
(13)

⊆
⋂
a∈A

(e+(ψ) ? (ex7→a)
+

(ϕ))

=
⋂
a∈A

(
(ex7→a)

+
(ψ) ? (ex 7→a)

+
(ϕ)
)

as x /∈ FV (ψ), hence (ex 7→a)
+

(ψ) = e+(ψ)

=
⋂
a∈A

(ex7→a)
+

(ψ · ϕ) = e+(∀x.ψ · ϕ).

3.15.1 �l

Proposition 3.90. For all patterns ϕ, ψ, χ,

ϕ→ ψ �l χ · ϕ→ χ · ψ, (74)

ϕ↔ ψ �l χ · ϕ↔ χ · ψ, (75)

ϕ→ ψ �l ϕ · χ→ ψ · χ, (76)

ϕ↔ ψ �l ϕ · χ↔ ψ · χ, (77)

ϕ→ ψ �l χ · ¬ψ → χ · ¬ϕ, (78)

ϕ↔ ψ �l χ · ¬ψ ↔ χ · ¬ϕ, (79)

ϕ→ ψ �l ¬ψ · χ→ ¬ϕ · χ, (80)

ϕ↔ ψ �l ¬ψ · χ↔ ¬ϕ · χ. (81)

Proof. Let (A, e).
(74): Assume that A � (ϕ → ψ)[e], hence e+(ϕ) ⊆ e+(ψ). It follows that e+(χ · ϕ) = e+(χ) ?

e+(ϕ)
(14)

⊆ e+(χ) ? e+(ψ) = e+(χ · ψ), hence A � (χ · ϕ→ χ · ψ)[e].
(75): Assume that A � (ϕ↔ ψ)[e]. Then, by Proposition 3.8.(xi), A � (ϕ→ ψ)[e] and A � (ψ →
ϕ)[e]. Apply now (74) to get that A � (χ · ϕ → χ · ψ)[e] and A � (χ · ψ → χ · ϕ)[e], hence, by
applying again Proposition 3.8.(xi), A � (χ · ϕ↔ χ · ψ)[e]
(76): Assume that A � (ϕ → ψ)[e], hence e+(ϕ) ⊆ e+(ψ). It follows that e+(ϕ · χ) = e+(ϕ) ?

e+(χ)
(14)

⊆ e+(ψ) ? e+(χ) = e+(ψ · χ), hence A � (ϕ · χ→ ψ · χ)[e].
(77): Assume that A � (ϕ↔ ψ)[e]. Then, by Proposition 3.8.(xi), A � (ϕ→ ψ)[e] and A � (ψ →
ϕ)[e]. Apply now (76) to get that A � (ϕ · χ → ψ · χ)[e] and A � (ψ · χ → ϕ · χ)[e], hence, by
applying again Proposition 3.8.(xi), A � (ϕ · χ↔ ψ · χ)[e].
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(78): Assume that A � (ϕ → ψ)[e], hence e+(ϕ) ⊆ e+(ψ). It follows that e+(χ · ¬ψ) = e+(χ) ?

e+(¬ψ) = e+(χ) ? CAe
+(ψ)

(16)

⊆ e+(χ) ? CAe
+(ϕ) = e+(χ · ¬ϕ), hence A � (χ · ¬ψ → χ · ¬ϕ)[e].

(79): Assume that A � (ϕ↔ ψ)[e]. Then, by Proposition 3.8.(xi), A � (ϕ→ ψ)[e] and A � (ψ →
ϕ)[e]. Apply now (78) to get that A � (χ · ¬ψ → χ · ¬ϕ)[e] and A � (χ · ¬ϕ → χ · ¬ψ)[e], hence,
by applying again Proposition 3.8.(xi), A � (χ · ¬ψ ↔ χ · ¬ϕ)[e].
(80): Assume that A � (ϕ→ ψ)[e], hence e+(ϕ) ⊆ e+(ψ). It follows that e+(¬ψ · χ) = e+(¬ψ) ?

e+(χ) = CAe
+(ψ) ? e+(χ)

(16)

⊆ CAe
+(ϕ) ? e+(χ) = e+(¬ϕ) ? e+(χ) = e+(¬ϕ · χ), hence A �

(¬ψ · χ→ ¬ϕ · χ)[e].
(81): Assume that A � (ϕ↔ ψ)[e]. Then, by Proposition 3.8.(xi), A � (ϕ→ ψ)[e] and A � (ψ →
ϕ)[e]. Apply now (80) to get that A � (¬ψ · χ → ¬ϕ · χ)[e] and A � (¬ϕ · χ → ¬ψ · χ)[e], hence,
by applying again Proposition 3.8.(xi), A � (¬ψ · χ↔ ¬ϕ · χ)[e].

Proposition 3.91. Let Γ be a set of patterns and ϕ, ψ, χ be patterns. Then

Γ �l ϕ→ ψ implies Γ �l ϕ · χ→ ψ · χ, (82)

Γ �l ϕ↔ ψ implies Γ �l ϕ · χ↔ ψ · χ, (83)

Γ �l ϕ→ ψ implies Γ �l χ · ϕ→ χ · ψ, (84)

Γ �l ϕ↔ ψ implies Γ �l χ · ϕ↔ χ · ψ, (85)

Γ �l ϕ→ ψ implies Γ �l χ · ¬ψ → χ · ¬ϕ, (86)

Γ �l ϕ↔ ψ implies Γ �l χ · ¬ψ ↔ χ · ¬ϕ, (87)

Γ �l ϕ→ ψ implies Γ �l ¬ψ · χ→ ¬ϕ · χ, (88)

Γ �l ϕ↔ ψ implies Γ �l ¬ψ · χ↔ ¬ϕ · χ. (89)

Proof. Apply Proposition 3.90 and Lemma 3.41.(i).

3.15.2 �g

Proposition 3.92. For all patterns ϕ, ψ, χ,

ϕ→ ψ �g χ · ϕ→ χ · ψ, (90)

ϕ↔ ψ �g χ · ϕ↔ χ · ψ, (91)

ϕ→ ψ �g ϕ · χ→ ψ · χ, (92)

ϕ↔ ψ �g ϕ · χ↔ ψ · χ, (93)

ϕ→ ψ �g χ · ¬ψ → χ · ¬ϕ, (94)

ϕ↔ ψ �g χ · ¬ψ ↔ χ · ¬ϕ, (95)

ϕ→ ψ �g ¬ψ · χ→ ¬ϕ · χ, (96)

ϕ↔ ψ �g ¬ψ · χ↔ ¬ϕ · χ. (97)

Proof. Apply Proposition 3.90 and Proposition 3.27.(i).

Proposition 3.93. Let Γ be a set of patterns and ϕ, ψ, χ be patterns. Then

Γ �g ϕ→ ψ implies Γ �g ϕ · χ→ ψ · χ, (98)

Γ �g ϕ↔ ψ implies Γ �g ϕ · χ↔ ψ · χ, (99)

Γ �g ϕ→ ψ implies Γ �g χ · ϕ→ χ · ψ, (100)

Γ �g ϕ↔ ψ implies Γ �g χ · ϕ↔ χ · ψ, (101)

Γ �g ϕ→ ψ implies Γ �g χ · ¬ψ → χ · ¬ϕ, (102)

Γ �g ϕ↔ ψ implies Γ �g χ · ¬ψ ↔ χ · ¬ϕ, (103)

Γ �g ϕ→ ψ implies Γ �g ¬ψ · χ→ ¬ϕ · χ, (104)

Γ �g ϕ↔ ψ implies Γ �g ¬ψ · χ↔ ¬ϕ · χ. (105)
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Proof. Apply Proposition 3.92 and Lemma 3.34.(i).

3.16 Contexts

Proposition 3.94. Let C be a context, ϕ be a pattern, and (A, e).

e+(C[ϕ]) =


e+(ϕ) if C = �,

e+(C1[ϕ]) ? e+(ψ) if C = Appl�C1ψ,

e+(ψ) ? e+(C1[ϕ]) if Appl�ψC1.

(106)

Proof. Apply Proposition 2.59. We have the following cases:

(i) C = �. Then C[ϕ] = ϕ, so e+(C[ϕ]) = e+(ϕ).

(ii) C = Appl�C1ψ. Then C[ϕ] = C1[ϕ] · ψ, hence e+(C[ϕ]) = e+(C1[ϕ]) ? e+(ψ).

(iii) C = Appl�ψC1. Then C[ϕ] = ψ · C1[ϕ], hence e+(C[ϕ]) = e+(ψ) ? e+(C1[ϕ]).

Proposition 3.95. Let C be a context and ϕ, ψ be patterns.

� C[⊥]↔ ⊥, (107)

� C[ϕ ∨ ψ]↔ C[ϕ] ∨ C[ψ], (108)

� C[∃x.ϕ]↔ ∃x.C[ϕ] if x /∈ FV (C), (109)

� C[ϕ ∧ ψ]→ C[ϕ] ∧ C[ψ], (110)

� C[∀x.ϕ]→ ∀x.C[ϕ] if x /∈ FV (C). (111)

Proof. (107): The proof is by induction on contexts:

(i) C = �. Then C[⊥] = ⊥. Apply (40).

(ii) C = Appl�C1ψ and, by the induction hypothesis for C1, � C1[⊥] ↔ ⊥. Since C[⊥] =
C1[⊥] ·ψ, we can apply (93) to get that C1[⊥]↔ ⊥ �g C[⊥]↔ ⊥·ψ and Remark 3.19.(i) to
get that � C[⊥]↔ ⊥ · ψ. Hence, by (65) and (42), it follows that � C[⊥]↔ ⊥.

(iii) C = Appl�ψC1 and, by the induction hypothesis for C1, � C1[⊥] ↔ ⊥. Since C[⊥] =
ψ ·C1[⊥], we can apply (91) to get that C1[⊥]↔ ⊥ �g C[⊥]↔ ψ · ⊥ and Remark 3.19.(i) to
get that � C[⊥]↔ ψ · ⊥. Hence, by (64) and (42), it follows that � C[⊥]↔ ⊥.

(108): The proof is by induction on contexts:

(i) C = �. Then C[ϕ ∨ ψ] = ϕ ∨ ψ = C[ϕ] ∨ C[ψ]. Apply (40).

(ii) C = Appl�C1χ and, by the induction hypothesis for C1, � C1[ϕ∨ψ]↔ C1[ϕ]∨C1[ψ]. Since
C[ϕ∨ψ] = C1[ϕ ∨ ψ]·χ, we can apply (93) to get that C1[ϕ∨ψ]↔ C1[ϕ]∨C1[ψ] �g C[ϕ∨ψ]↔
(C1[ϕ] ∨ C1[ψ]) ·χ and Remark 3.19.(i) to get that � C[ϕ∨ψ]↔ (C1[ϕ] ∨ C1[ψ]) ·χ. Hence,
by (66) and (42), it follows that � C[ϕ ∨ ψ]↔ C1[ϕ] · χ ∨ C2[ϕ] · χ = C[ϕ] ∨ C[ψ].

(iii) C = Appl�χC1 and, by the induction hypothesis for C1, � C1[ϕ∨ψ]↔ C1[ϕ]∨C1[ψ]. Since
C[ϕ∨ψ] = χ·C1[ϕ ∨ ψ], we can apply (91) to get that C1[ϕ∨ψ]↔ C1[ϕ]∨C1[ψ] �g C[ϕ∨ψ]↔
χ · (C1[ϕ] ∨ C1[ψ]) and Remark 3.19.(i) to get that � C[ϕ∨ψ]↔ χ · (C1[ϕ] ∨ C1[ψ]). Hence,
by (67) and (42), it follows that � C[ϕ ∨ ψ]↔ χ · C1[ϕ] ∨ χ · C2[ϕ] = C[ϕ] ∨ C[ψ].

(109): The proof is by induction on contexts:

(i) C = �. Then C[∃x.ϕ] = ∃x.ϕ = ∃x.C[ϕ]. Apply (40).
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(ii) C = Appl�C1ψ. As x /∈ FV (C) and, by Definition 2.64, FV (C) = FV (C1)∪FV (ϕ), we have
that x /∈ FV (C1), so we can apply the induction hypothesis for C1 to get that � C1[∃x.ϕ]↔
∃x.C1[ϕ]. Since C[∃x.ϕ] = C1[∃x.ϕ]·ψ, we can apply (93) to get that C1[∃x.ϕ]↔ ∃x.C1[ϕ] �g
C[∃x.ϕ]↔ (∃x.C1[ϕ]) ·ψ and Remark 3.19.(i) to get that � C[∃x.ϕ]↔ (∃x.C1[ϕ]) ·ψ. Hence,
by (68) and (42), it follows that � C[∃x.ϕ]↔ ∃x.C1[ϕ] · ψ = ∃x.C[ϕ].

(iii) C = Appl�ψC1. As x /∈ FV (C) and, by Definition 2.64, FV (C) = FV (C1)∪FV (ϕ), we have
that x /∈ FV (C1), so we can apply the induction hypothesis for C1 to get that � C1[∃x.ϕ]↔
∃x.C1[ϕ]. Since C[∃x.ϕ] = ψ·C1[∃x.ϕ], we can apply (91) to get that C1[∃x.ϕ]↔ ∃x.C1[ϕ] �g
C[∃x.ϕ]↔ ψ ·(∃x.C1[ϕ]) and Remark 3.19.(i) to get that � C[∃x.ϕ]↔ ψ ·(∃x.C1[ϕ]). Hence,
by (69) and (42), it follows that � C[∃x.ϕ]↔ ∃x.ψ · C1[ϕ] = ∃x.C[ϕ].

(110): The proof is by induction on contexts:

(i) C = �. Then C[ϕ ∧ ψ] = ϕ ∧ ψ = C[ϕ] ∧ C[ψ]. Apply (40) and Remark 3.14.(iii).

(ii) C = Appl�C1χ and, by the induction hypothesis for C1, � C1[ϕ∧ψ]→ C1[ϕ]∧C1[ψ]. Since
C[ϕ∧ψ] = C1[ϕ ∧ ψ]·χ, we can apply (92) to get that C1[ϕ∧ψ]→ C1[ϕ]∧C1[ψ] �g C[ϕ∧ψ]→
(C1[ϕ] ∧ C1[ψ]) ·χ and Remark 3.19.(i) to get that � C[ϕ∧ψ]→ (C1[ϕ] ∧ C1[ψ]) ·χ. Hence,
by (70) and (43), it follows that � C[ϕ ∧ ψ]→ C1[ϕ] · χ ∧ C2[ψ] · χ = C[ϕ] ∧ C[ψ].

(iii) C = Appl�χC1 and, by the induction hypothesis for C1, � C1[ϕ∧ψ]→ C1[ϕ]∧C1[ψ]. Since
C[ϕ∧ψ] = χ·C1[ϕ ∧ ψ], we can apply (90) to get that C1[ϕ∧ψ]→ C1[ϕ]∧C1[ψ] �g C[ϕ∧ψ]→
χ · (C1[ϕ] ∧ C1[ψ]) and Remark 3.19.(i) to get that � C[ϕ∧ψ]→ χ · (C1[ϕ] ∧ C1[ψ]). Hence,
by (71) and (43), it follows that � C[ϕ ∧ ψ]→ χ · C1[ϕ] ∧ χ · C2[ψ] = C[ϕ] ∧ C[ψ].

(111): The proof is by induction on contexts:

(i) C = �. Then C[∀x.ϕ] = ∀x.ϕ = ∀x.C[ϕ]. Apply (40) and Remark 3.14.(iii).

(ii) C = Appl�C1ψ. As x /∈ FV (C) and, by Definition 2.64, FV (C) = FV (C1)∪FV (ϕ), we have
that x /∈ FV (C1), so we can apply the induction hypothesis for C1 to get that � C1[∀x.ϕ]→
∀x.C1[ϕ]. Since C[∀x.ϕ] = C1[∀x.ϕ]·ψ, we can apply (92) to get that C1[∀x.ϕ]→ ∀x.C1[ϕ] �g
C[∀x.ϕ]→ (∀x.C1[ϕ]) ·ψ and Remark 3.19.(i) to get that � C[∀x.ϕ]→ (∀x.C1[ϕ]) ·ψ. Hence,
by (72) and (43), it follows that � C[∀x.ϕ]→ ∀x.C1[ϕ] · ψ = ∀x.C[ϕ].

(iii) C = Appl�ψC1. As x /∈ FV (C) and, by Definition 2.64, FV (C) = FV (C1)∪FV (ϕ), we have
that x /∈ FV (C1), so we can apply the induction hypothesis for C1 to get that � C1[∀x.ϕ]→
∀x.C1[ϕ]. Since C[∀x.ϕ] = ψ·C1[∀x.ϕ], we can apply (90) to get that C1[∀x.ϕ]→ ∀x.C1[ϕ] �g
C[∀x.ϕ]→ ψ ·(∀x.C1[ϕ]) and Remark 3.19.(i) to get that � C[∀x.ϕ]→ ψ ·(∀x.C1[ϕ]). Hence,
by (73) and (43), it follows that � C[∀x.ϕ]→ ∀x.ψ · C1[ϕ] = ∀x.C[ϕ].

3.16.1 �l

Proposition 3.96. Let C be a context. Then for every patterns, ϕ, ψ,

ϕ→ ψ �l C[ϕ]→ C[ψ], (112)

ϕ↔ ψ �l C[ϕ]↔ C[ψ]. (113)

Proof. (112): Let (A, e) be such that A � (ϕ → ψ)[e]. We prove that A � (C[ϕ] → C[ψ])[e] by
induction on C.

(i) C = �. Then C[ϕ]→ C[ψ] = ϕ→ ψ and the conclusion is obvious.

(ii) C = Appl�C1χ. By the induction hypothesis, we have that A � (C1[ϕ]→ C1[ψ])[e]. Apply
now (76) to get that A � (C1[ϕ] · χ→ C1[ψ] · χ)[e], that is A � (C[ϕ]→ C[ψ])[e].
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(iii) C = Appl�χC1. By the induction hypothesis, we have that A � (C1[ϕ]→ C1[ψ])[e]. Apply
now (74) to get that A � (χ · C1[ϕ]→ χ · C1[ψ])[e], that is A � (C[ϕ]→ C[ψ])[e].

(113): Apply (112) and Proposition 3.8.(xi).

Proposition 3.97. Let C be a context, Γ be a set of patterns and ϕ, ψ be patterns. Then

Γ �l ϕ→ ψ implies Γ �l C[ϕ]→ C[ψ], (114)

Γ �l ϕ↔ ψ implies Γ �l C[ϕ]↔ C[ψ]. (115)

Proof. Apply Proposition 3.96 and Lemma 3.41.(i).

3.16.2 �g

Proposition 3.98. Let C be a context. Then for every patterns, ϕ, ψ,

ϕ→ ψ �g C[ϕ]→ C[ψ], (116)

ϕ↔ ψ �g C[ϕ]↔ C[ψ]. (117)

Proof. Apply Proposition 3.96 and Proposition 3.27.(i).

Proposition 3.99. Let C be a context, Γ be a set of patterns and ϕ, ψ be patterns. Then

Γ �g ϕ→ ψ implies Γ �g C[ϕ]→ C[ψ], (118)

Γ �g ϕ↔ ψ implies Γ �g C[ϕ]↔ C[ψ]. (119)

Proof. Apply Proposition 3.98 and Lemma 3.34.(i).

3.16.3 (Singleton Variable)

Lemma 3.100. Let C be a context and ϕ be a pattern. Then for every (A, e),

e+(ϕ) = ∅ implies e+(C[ϕ]) = ∅.

Proof. Since e+(ϕ) = ∅ = e+(⊥), we have that A � (ϕ ↔ ⊥)[e]. Apply (113) to get that
A � (C[ϕ] ↔ C[⊥])[e], so e+(C[ϕ]) = e+(C[⊥]). As, by (107), � C[⊥] ↔ ⊥, it follows that
e+(C[⊥]) = e+(⊥) = ∅. Thus, we have got that e+(C[ϕ]) = ∅.

Proposition 3.101. For every contexts C1, C2, pattern ϕ and element variable x,

� ¬(C1[x ∧ ϕ] ∧ C2[x ∧ ¬ϕ]). (120)

Proof. Denote θ = C1[x ∧ ϕ] ∧ C2[x ∧ ¬ϕ]. Let (A, e). We have to prove that A � (¬θ)[e], that is
e+(¬θ) = A, hence that e+(θ) = ∅. We have two cases:

(i) e(x) ∈ e+(ϕ). Then e+(x ∧ ¬ϕ) = e+(x) ∩ e+(¬ϕ) = {e(x)} ∩ CAe+(ϕ) = ∅. Apply
Lemma 3.100 to get that e+(C2[x ∧ ¬ϕ]) = ∅. It follows that e+(θ) = e+(C1[x ∧ ϕ]) ∩
e+(C2[x ∧ ¬ϕ]) = e+(C1[x ∧ ϕ]) ∩ ∅ = ∅.

(ii) e(x) /∈ e+(ϕ). Then e+(x ∧ ϕ) = {e(x)} ∩ e+(ϕ) = e+(x) ∩ e+(ϕ) = ∅. Apply Lemma 3.100
to get that e+(C1[x ∧ ϕ]) = ∅. It follows that e+(θ) = e+(C1[x ∧ ϕ]) ∩ e+(C2[x ∧ ¬ϕ]) =
∅ ∩ e+(C2[x ∧ ¬ϕ]) = ∅.

3.17 Set variables

Let Γ be a set of patterns.
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3.17.1 �g

Proposition 3.102. Let ϕ,ψ be patterns and X be a set variable such that X is free for ψ in ϕ.
Then

ϕ �g Subf
X
ψ ϕ.

Proof. Let A be a model of ϕ and e be an arbitrary A-evaluation. We have to prove that A �
SubfXψ ϕ[e]. By Proposition 3.76, we have that e+(SubfXψ ϕ) =

(
eX 7→e+(ψ)

)+
(ϕ). Since A � ϕ, we

have in particular that A � ϕ[eX 7→e+(ψ)]. Thus, A � SubfXψ ϕ[e].

Proposition 3.103. Let Γ ∪ {ϕ,ψ} be a set of patterns and X be a set variable such that X is
free for ψ in ϕ. Then

Γ �g ϕ implies �g Subf
X
ψ ϕ.

Proof. Apply Proposition 3.102 and Lemma 3.34.(i).

Proposition 3.104. For all patterns ϕ, ψ and any set variable X,

ϕ �g ϕX(ψ).

Proof. We have the following two cases:

(i) X is free for ψ in ϕ. Then ϕX(ψ) = SubfXψ ϕ, so we apply Proposition 3.102 to get the
conclusion.

(ii) X is not free for ψ in ϕ. Then ϕX(ψ) = SubfXψ θ with

θ = SubbU1

Z1
SubbU2

Z2
. . . Subb

Up

Zp
Subbu1

z1 Subb
u2
z2 . . . Subb

uk
zk
ϕ,

where

(a) u1, . . . , uk are the element variables and U1, . . . , Up are the set variables that occur
bound in ϕ and also occur in ψ;

(b) z1, . . . , zk are new element variables and Z1, . . . , Zp are new set variables, that do not
occur in ϕ or ψ.

Applying repeatedly Propositions 3.74, 3.78, we get that

� θ ↔ ϕ. (121)

Let A be a model of ϕ. By (121), we get that A � θ. Apply Proposition 3.102 (with ϕ = θ)
to get that A � SubfXψ θ = ϕX(ψ).

Proposition 3.105. For all patterns ϕ, ψ,

Γ �g ϕ implies �g ϕX(ψ).

Proof. Apply Proposition 3.104 and Lemma 3.34.(i).
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3.18 µ

Proposition 3.106. Let ϕ be a pattern and X be a set variable such that ϕ is positive in X and
X is free for µX.ϕ in ϕ. Then

� SubfXµX.ϕϕ↔ µX.ϕ. (122)

Proof. Let (A, e). We have that

e+
(
SubfXµX.ϕϕ

)
=
(
eX 7→e+(µX.ϕ)

)+
(ϕ) by Proposition 3.76

= e+(µX.ϕ) by Proposition 3.81.(i)

3.18.1 �l

Proposition 3.107. Let ϕ,ψ be patterns and X be a set variable such that X is free for ψ in ϕ.
Then

SubfXψ ϕ→ ψ �l µX.ϕ→ ψ.

Proof. Let (A, e) be such that A � (SubfXψ ϕ → ψ)[e], so e+
(
SubfXψ ϕ

)
⊆ e+(ψ). By Propo-

sitions 3.76, we have that e+
(
SubfXψ ϕ

)
=
(
eX 7→e+(ψ)

)+
(ϕ). We get that

(
eX 7→e+(ψ)

)+
(ϕ) ⊆

e+(ψ), hence e+(ψ) ∈ {B ⊆ A | (eX 7→B)
+

(ϕ) ⊆ B}. It follows that

e+(µX.ϕ) =
⋂
{B ⊆ A | (eX 7→B)

+
(ϕ) ⊆ B} ⊆ e+(ψ),

so A � (µX.ϕ→ ψ)[e].

Proposition 3.108. Let Γ ∪ {ϕ,ψ} be a set of patterns and X be a set variable such that X is
free for ψ in ϕ. Then

Γ �l Subf
X
ψ ϕ→ ψ implies Γ �l µX.ϕ→ ψ.

Proof. Apply Proposition 3.107 and Lemma 3.41.(i).

3.18.2 �g

Proposition 3.109. Let ϕ,ψ be patterns and X be a set variable such that X is free for ψ in ϕ.
Then

SubfXψ ϕ→ ψ �g µX.ϕ→ ψ.

Proof. Apply Proposition 3.107 and Proposition 3.27.(i).

Proposition 3.110. Let Γ ∪ {ϕ,ψ} be a set of patterns and X be a set variable such that X is
free for ψ in ϕ. Then

Γ �g Subf
X
ψ ϕ→ ψ implies Γ �g µX.ϕ→ ψ.

Proof. Apply Proposition 3.109 and Lemma 3.34.(i).
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4 Proof system

Let τ = (EV ar, SV ar,Σ) be a signature.
We present in the sequel a Hilbert type proof system for AML, that we denote P, obtained by
combining the ones from [4] and [1]. P is also given in Section C.

Definition 4.1. The axioms of P are the following patterns

(Tautology) ϕ if ϕ is a tautology

(∃-Quantifier) Subfxy ϕ→ ∃x.ϕ if x is free for y in ϕ

(Propagation⊥) ϕ · ⊥ → ⊥ ⊥ · ϕ→ ⊥

(Propagation∨) (ϕ ∨ ψ) · χ→ ϕ · χ ∨ ψ · χ χ · (ϕ ∨ ψ)→ χ · ϕ ∨ χ · ψ

(Propagation∃) (∃x.ϕ) · ψ → ∃x.ϕ · ψ, ψ · (∃x.ϕ)→ ∃x.ψ · ϕ
if x 6∈ FV (ψ)

(Pre-Fixpoint) SubfXµX.ϕϕ→ µX.ϕ if ϕ is positive in X

and X is free for µX.ϕ in ϕ

(existence) ∃x.x,

(Singleton Variable) ¬(C1[x ∧ ϕ] ∧ C2[x ∧ ¬ϕ]).

Definition 4.2. The deduction rules (or inference rules) of P are the following:

(modus ponens)
ϕ ϕ→ ψ

ψ

(∃-quantifier rule)
ϕ→ ψ

∃x.ϕ→ ψ
if x 6∈ FV (ψ)

(framing)
ϕ→ ψ

ϕ · χ→ ψ · χ
ϕ→ ψ

χ · ϕ→ χ · ψ

(Set Variable Substitution)
ϕ

SubfXψ ϕ
if X is free for ψ in ϕ

(Knaster-Tarski)
SubfXψ ϕ→ ψ

µX.ϕ→ ψ
if X is free for ψ in ϕ

Thus, we have two types of inference rules:

(i)
ϕ

χ
. This inference rule is read as follows: from ϕ infer χ. ϕ is said to be the premise of the

rule and χ is the conclusion of the rule.

(ii)
ϕ ψ

χ
. This inference rule is read as follows: from ϕ and ψ infer χ. ϕ and ψ are said to be

the premise of the rule and χ is the conclusion of the rule.

Let Γ be a set of patterns.
We say that a

Definition 4.3. The Γ-theorems are the patterns inductively defined as follows:

(i) Every axiom is a Γ-theorem.

(ii) Every pattern of Γ is a Γ-theorem.
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(iii) For every inference rule, the following holds: If its premises are Γ-theorems, then its conclu-
sion is a Γ-theorem.

(iv) Only the patterns obtained by applying the above rules are Γ-theorems.

Definition 4.4. [Alternative definition for Γ-theorems ]
The set of Γ-theorems is the intersection of all sets ∆ of patterns that have the following prop-
erties:

(i) ∆ contains all the axioms.

(ii) ∆ contains all the patterns from Γ, that is Γ ⊆ ∆.

(iii) For every inference rule, the following holds: If ∆ contains its premise(s), then its conclusion
is also in ∆.

The set of Γ-theorems is denoted by Thm(Γ). If ϕ is a Γ-theorem, then we also say that ϕ is
deduced from the hypotheses Γ.
As an immediate consequence of Definition 4.4, we get the induction principle for Γ-theorems.

Proposition 4.5. [Induction principle on Γ-theorems ]
Let ∆ be a set of patterns satisfying the following properties:

(i) ∆ contains all the axioms.

(ii) Γ ⊆ ∆.

(iii) For every inference rule, the following holds: If ∆ contains its premise(s), then its conclusion
is also in ∆.

Then Thm(Γ) ⊆ ∆.

Notation 4.6. Let Γ,∆ be sets of patterns and ϕ be a pattern. We use the following notations

Γ ` ϕ = ϕ is a Γ-theorem.

` ϕ = ∅ ` ϕ,

Γ ` ∆ ⇔ Γ ` ϕ for any ϕ ∈ ∆.

Definition 4.7. A pattern ϕ is called a theorem if ` ϕ.

Proposition 4.8. Let Γ,∆ be sets of patterns.

(i) Assume that ∆ ⊆ Γ. Then for every pattern ϕ, Thm(∆) ⊆ Thm(Γ), that is

∆ ` ϕ implies Γ ` ϕ.

(ii) For every pattern ϕ, Thm(∅) ⊆ Thm(Γ), that is

` ϕ implies Γ ` ϕ.

(iii) Assume that Γ ` ∆. Then for every pattern ϕ, Thm(∆) ⊆ Thm(Γ), that is

∆ ` ϕ implies Γ ` ϕ.

(iv) For every pattern ϕ, Thm(Thm(Γ)) = Thm(Γ), that is

Thm(Γ) ` ϕ iff Γ ` ϕ.

Proof. (i) As ∆ ⊆ Γ, one proves immediately by induction on ∆-theorems that Thm(∆) ⊆
Thm(Γ).
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(ii) Apply (i) with ∆ = ∅.

(iii) As, by hypothesis, ∆ ⊆ Thm(Γ), one proves immediately by induction on ∆-theorems that
Thm(∆) ⊆ Thm(Γ).

(iv) ⇐ As, by (ii), Γ ⊆ Thm(Γ), we can apply (i) to get that Thm(Γ) ⊆ Thm(Thm(Γ)).

⇒ We have that Γ ` Thm(Γ), so we can apply (iii) with ∆ = Thm(Γ) to get that
Thm(Thm(Γ)) ⊆ Thm(Γ).

4.1 Γ-proofs

Definition 4.9. A Γ-proof (or proof from the hypotheses Γ) is a sequence of patterns
θ1, . . . , θn such that for all i ∈ {1, . . . , n}, one of the following holds:

(i) θi is an axiom.

(ii) θi ∈ Γ.

(iii) θi is the conclusion of an inference rule whose premise(s) are previous pattern(s).

An ∅-proof is called simply a proof.

Definition 4.10. Let ϕ be a pattern. A Γ-proof of ϕ or a proof of ϕ from the hypotheses
Γ is a Γ-proof θ1, . . ., θn such that θn = ϕ.

Proposition 4.11. For any pattern ϕ,

Γ ` ϕ iff there exists a Γ-proof of ϕ.

Proof. Let us denote Θ = {ϕ ∈ Pattern | there exists a Γ-proof of ϕ}.
⇒ We prove by induction on Γ-theorems that Thm(Γ) ⊆ Θ:

(i) ϕ is an axiom or a member of Γ. Then ϕ is a Γ-proof of ϕ. Hence, ϕ ∈ Θ.

(ii) Let
ψ

ϕ
be an inference rule such that ψ ∈ Θ. Then there exists a Γ-proof θ1, . . . , θn = ψ of

ψ. It follows that θ1, . . . , θn = ψ, θn+1 = ϕ is a Γ-proof of ϕ. Thus, ϕ ∈ Θ.

(iii) Let
ψ χ

ϕ
be an inference rule such that ψ, χ ∈ Θ. Then there exist a Γ-proof θ1, . . . , θn = ψ

of ψ and a Γ-proof δ1, . . . , δp = χ of χ. It follows that θ1, . . . , θn = ψ, θn+1 = δ1, . . . , θn+p =
δp = χ, θn+p+1 = ϕ is a Γ-proof of ϕ. Thus, ϕ ∈ Θ.

⇐ Assume that ϕ has a Γ-proof θ1, . . . , θn = ϕ. We prove by induction on i that for all i = 1, . . . , n,
Γ ` θi. As a consequence, Γ ` θn = ϕ.

(i) i = 1. Then θ1 must be an axiom or a member of Γ. Then obviously Γ ` θ1.

(ii) Assume that the induction hypothesis is true for all j = 1, . . . , i. If θi+1 is an axiom or a
member of Γ, then obviously Γ ` θi+1. Assume that θi+1 is the conclusion of an inference

rule whose premise(s) are previous pattern(s). If the inference rule is of type
θj

θi+1
with j ≤ i,

then by the induction hypothesis we have that Γ ` θj . By the definition of Γ-theorems, it

follows that Γ ` θi+1. If the inference rule is of type
θj θk

θi+1
with j, k ≤ i, then by the

induction hypothesis we have that Γ ` θj and Γ ` θk. By the definition of Γ-theorems, it
follows that Γ ` θi+1.
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4.2 Derived rules

In the sequel we present different rules that will help us in proving Γ-theorems. These rules are
of the form

If A1, A2, . . . , An (n ≥ 1) hold, then B holds.

and will be written as
A1 A2 . . . An

B
.

Let Γ be a set of patterns.

Proposition 4.12. For every patterns ϕ, ψ,

Γ ` ϕ �t ϕ↔ ψ

Γ ` ψ (123)

Proof.
(1) Γ ` ϕ hypothesis

(2) ` ϕ↔ ψ (tautology): hypothesis

(3) ` (ϕ↔ ψ)→ (ϕ→ ψ) (tautology): (24)

(4) ` ϕ→ ψ (modus ponens): (2), (3)

(5) Γ ` ϕ→ ψ Proposition 4.8.(ii)

(6) Γ ` ψ (modus ponens): (1), (5).

5 Soundness Theorem

5.1 �s

We consider the proof system

P�s
= P − {(∃-quantifier rule), (framing), (Set Variable Substitution), (Knaster-Tarski)}.

Theorem 5.1. Let Γ ∪ {ϕ} be a set of patterns. Then

Γ ` ϕ implies Γ �s ϕ.

Proof. Let us denote Θ = {ϕ ∈ Pattern | Γ �s ϕ}. We prove that Thm(Γ) ⊆ Θ by induction on
Γ-theorems.

Axioms:
(Tautology): By Proposition 3.66 and Remark 3.47.(ii).
(∃-Quantifier): By (34) and Remark 3.47.(ii).
(Propagation⊥): By (64), (65) and Remark 3.47.(ii).
(Propagation∨): By (66), (67) and Remark 3.47.(ii).
(Propagation∃): By (68), (69) and Remark 3.47.(ii).
(Pre-Fixpoint): By (122) and Remark 3.47.(ii).
(Existence): By (47) and Remark 3.47.(ii).
(Singleton Variable): By (120) and Remark 3.47.(ii).

Rules:
(modus ponens): Assume that ϕ,ϕ→ ψ ∈ Θ, hence Γ �s ϕ and Γ �s ϕ→ ψ. Apply (51) to get
that Γ �s ψ, hence ψ ∈ Θ.
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5.2 �l

We consider the proof system

P�l
= P − {(∃-quantifier rule), (Set Variable Substitution)}.

Theorem 5.2. Let Γ ∪ {ϕ} be a set of patterns. Then

Γ ` ϕ implies Γ �l ϕ.

Proof. Let us denote Θ = {ϕ ∈ Pattern | Γ �l ϕ}. We prove that Thm(Γ) ⊆ Θ by induction on
Γ-theorems.

Axioms:
If ϕ is an axiom, we have by Theorem 5.1 that Γ �s ϕ. Apply now Proposition 3.53 to get that
Γ �l ϕ, hence ϕ ∈ Θ.

Rules:
(modus ponens): Assume that ϕ,ψ ∈ Θ, hence Γ �l ϕ and Γ �l ϕ→ ψ. Apply (55) to get that
Γ �l ψ, hence ψ ∈ Θ.
(framing): Assume that ϕ→ ψ ∈ Θ, hence Γ �l ϕ→ ψ. Apply (82) to get that Γ �l ϕ ·χ→ ψ ·χ,
hence ϕ · χ→ ψ · χ ∈ Θ, and (84) to get that Γ �l χ · ϕ→ χ · ψ, hence χ · ϕ→ χ · ψ ∈ Θ.
(Knaster-Tarski): Assume that X is free for ψ in ϕ and that SubfXψ ϕ → ψ ∈ Θ, hence Γ �l
SubfXψ ϕ→ ψ. Apply Proposition 3.108 to get that Γ �l µX.ϕ→ ψ, hence µX.ϕ→ ψ ∈ Θ.

5.3 �g

Theorem 5.3. Let Γ ∪ {ϕ} be a set of patterns. Then

Γ ` ϕ implies Γ �g ϕ.

Proof. The proof is by induction on Γ-theorems.

Axioms:
If ϕ is an axiom, we have by Theorem 5.1 that Γ �s ϕ. Apply now Proposition 3.53 to get that
Γ �g ϕ, hence ϕ ∈ Θ.

Rules:
(modus ponens): Assume that ϕ,ψ ∈ Θ, hence Γ �g ϕ and Γ �g ϕ→ ψ. Apply (59) to get that
Γ �g ψ, hence ψ ∈ Θ.
(∃-quantifier rule): Assume that x 6∈ FV (ψ) and ϕ→ ψ ∈ Θ, hence Γ �g ϕ→ ψ. Apply (63)
to get that Γ �g ∃x.ϕ→ ψ, hence ∃x.ϕ→ ψ ∈ Θ.
(framing): Assume that ϕ→ ψ ∈ Θ, hence Γ �g ϕ→ ψ. Apply (98) to get that Γ �g ϕ·χ→ ψ ·χ,
hence ϕ · χ→ ψ · χ ∈ Θ, and (100) to get that Γ �g χ · ϕ→ χ · ψ, hence χ · ϕ→ χ · ψ ∈ Θ.
(Set Variable Substitution): Assume that X is free for ψ in ϕ and ϕ ∈ Θ, hence Γ �g ϕ.
Apply Proposition 3.105 to get that Γ �g SubfXψ ϕ, hence SubfXψ ϕ ∈ Θ.

(Knaster-Tarski): Assume that X is free for ψ in ϕ and that SubfXψ ϕ → ψ ∈ Θ, hence

Γ �g SubfXψ ϕ→ ψ. Apply Proposition 3.110 to get that Γ �g µX.ϕ→ ψ, hence µX.ϕ→ ψ ∈ Θ.
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A Set theory

Let A, B be sets. We use the following notations:

(i) A ∪B for the union of A and B.

(ii) A ∩B for the intersection of A and B.

(iii) A \B for the difference between A and B.

(iv) A∆B for the symmetric difference of A and B.

(v) 2A for the powerset of A.

(vi) CAB for the complementary of B, when B ⊆ A.

(vii) Fun(A,B) for the set of functions from A to B.

(viii) An for the set A×A× . . .×A, where n ≥ 2.

Let f : A→ B be a mapping. For every C ⊆ A, we denote by f |C the restriction of f to C. Thus,
f |C : C → B, (f |C)(x) = f(x) for every x ∈ C.

A.1 Expressions over a set

An expression over A is a finite sequence of elements from A. We denote an expression over
A of length n ∈ N∗ by a1a2 . . . an, where ai ∈ A for every i = 1, . . . , n. The empty expression
(of length 0) is denoted by λ. The concatenation of exoressions over A is defined as follows: if
a = a1 . . . an and b = b1 . . . bk, then ab = a1 . . . anb1 . . . bk.
Let a = a0a1 . . . an be an expression over A, where ai ∈ A for all i = 0, . . . , k − 1.

(i) If 0 ≤ i ≤ j ≤ k − 1, then the expression ai . . . aj is called the (i, j)-subexpression of a.

(ii) We say that an expression b occurs in a if there exists 0 ≤ i ≤ j ≤ k − 1 such that b is the
(i, j)-subexpression of a.

(iii) A proper initial segment of a is an expression a0a1 . . . ai, where 0 ≤ i < n− 1.

A.2 Set-theoretic properties used in the lecture notes

Proposition A.1. Let A,B,C,D be sets. Then

B ⊆ C and B ⊆ D implies B ⊆ C ∩D (124)

A \B = ∅ iff A ⊆ B (125)

A ∪ (B ∪ C) = (A ∪B) ∪ C, (126)

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C), (127)

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C), (128)

(A ∩D) ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C) ∩ (D ∪B) ∩ (D ∪ C), (129)

(A ∪D) ∩ (B ∪ C) = (A ∩B) ∪ (B ∩ C) ∪ (D ∩B) ∪ (D ∩ C), (130)

A∆B = ∅ iff A = B, (131)

A \ C ⊆ (A \B) ∪ (B \ C) (132)
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Proposition A.2. Let B,D ⊆ A. Then

B ∪ CAB = A, (133)

CA(CAB) = B (134)

CA(B ∪D) = CAB ∩ CAD (135)

CA(B ∩D) = CAB ∪ CAD (136)

CA(CAB ∪ CAD) = B ∩D (137)

B \D = B ∩ CAD, (138)

CA(B \D) = CAB ∪D (139)

B ⊆ D iff CAD ⊆ CAB (140)

CAB = ∅ iff B = A (141)

CAB = A iff B = ∅, (142)

CA(B \D) ∩ CA(D \B) = CA(B∆D) (143)

A.3 Families of sets

Let (Bi)i∈I be a family of subsets of A.

Remark A.3. If I = ∅, then
⋂
i∈I Bi = A.

Proposition A.4.

CA

(⋃
i∈I

Bi

)
=
⋂
i∈I

CABi (144)
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B Knaster-Tarski Theorem

In the sequel A is a nonempty set.

Definition B.1. A mapping F : 2A → 2A is said to be monotone if for every B,C ⊆ A,

B ⊆ C implies F (B) ⊆ F (C).

Theorem B.2 (Knaster-Tarski [10]).
Let F : 2A → 2A be a monotone function. Then F has a unique least fixpoint µF and a unique
greatest fixpoint νF , given as:

µF =
⋂
{B ⊆ A | F (B) ⊆ B}, νF =

⋃
{B ⊆ A | B ⊆ F (B)}.

We call B a pre-fixpoint of F whenever F (B) ⊆ B and a post-fixpoint of F whenever B ⊆ F (B).
Thus, if F : 2A → 2A is monotone, then F (µF ) = µF , F (νF ) = νF and for every B ⊆ A such
that F (B) = B,

µF ⊆ B ⊆ νF.
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C AML proof system P

(Tautology) ϕ if ϕ is a tautology

(∃-Quantifier) Subfxy ϕ→ ∃x.ϕ if x is free for y in ϕ

(modus ponens)
ϕ ϕ→ ψ

ψ

(∃-quantifier rule)
ϕ→ ψ

∃x.ϕ→ ψ
if x 6∈ FV (ψ)

(Propagation⊥) ϕ · ⊥ → ⊥ ⊥ · ϕ→ ⊥

(Propagation∨) (ϕ ∨ ψ) · χ→ ϕ · χ ∨ ψ · χ χ · (ϕ ∨ ψ)→ χ · ϕ ∨ χ · ψ

(Propagation∃) (∃x.ϕ) · ψ → ∃x.ϕ · ψ ψ · (∃x.ϕ)→ ∃x.ψ · ϕ if x 6∈ FV (ψ)

(framing)
ϕ→ ψ

ϕ · χ→ ψ · χ
ϕ→ ψ

χ · ϕ→ χ · ψ

(Set Variable Substitution)
ϕ

SubfXψ ϕ
if X is free for ψ in ϕ

(Pre-Fixpoint) SubfXµX.ϕϕ→ µX.ϕ if ϕ is positive in X and X is free for µX.ϕ in ϕ

(Knaster-Tarski)
SubfXψ ϕ→ ψ

µX.ϕ→ ψ
if X is free for ψ in ϕ

(Existence) ∃x.x

(Singleton Variable) ¬(C1[x ∧ ϕ] ∧ C2[x ∧ ¬ϕ])

Figure 1: Proof system P for AML
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