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1 Introduction

Matching logic (ML) [9, 8] was developed by Grigore Rosu and collaborators as a logic for defining
the formal semantics of programming languages and for specifying and reasoning about the behav-
ior of programs. Applicative Matching Logic (AML), a functional variant of ML, was introduced
recently [3] and developed further in [5, 2]

These lecture notes present basic definitions and results on AML, they were written initially as a
theoretical foundation for the implementation of AML in Lean [0]. As such, they are very rigorous,
the proofs are extremely detailed. They can also be used as an introductory text in the theory
of AML. We point out that the definition of patterns in these notes is more general than the one
from [3], as we do not require the positivity of the pattern in the definition of the p binder.
Monk’s textbook on mathematical logic [7] has an enormous influence on the notes. A number of
notations and results for first-order logic from Monk’s book are adapted to AML. The set-theoretic
notions and properties used in the notes are given in Appendix A.
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2 Language

Definition 2.1. A matching logic signature (or simply signature) is a triple r = (EVar, SVar, %),
where

(i) EVar = {v, | n € N} is a countable set of element variables;
(i) SVar ={V,, | n € N} is a countable set of set variables;

(ii) ¥ is a set of constants.

The sets EVar, SVar and ¥ are pairwise disjoint.

Notation 2.2. We denote element variables by x,y, z,v, 21, X2, . .., set variables by X, Y, Z, X1, Xo, ...
and symbols by o, f, g, . ...

In the sequel, 7 = (EVar, SVar,X) is a signature.

Definition 2.3. The set Sym, of T-symbols is defined as
Sym,; = EVar USVarU{L, =} U{3}U{p}U{Appl} UX.
Definition 2.4. The set Expr, of T-expressions is the set of all expressions over Sym..

Definition 2.5. An atomic T-pattern is an element variable, a set variable, a constant or 1.
We shall use the notation AtomicPattern, for the set of atomic T-pattern

Definition 2.6. The 7-patterns are the T-expressions inductively defined as follows:
(i) Every atomic T-pattern is a T-pattern.
(i) If ¢ and ¢ are T-patterns, then Apploi is a T-pattern.
(iii) If ¢ and ¢ are T-patterns, then — i is a T-pattern.
(iv) If v is a T-pattern and x is an element variable, then Jxp is a T-pattern.
(v) If ¢ is a T-pattern and X is a set variable, then uXp is a T-pattern.
(vi) Only the expressions obtained by applying the above rules are T-patterns.

We use the Polish notation in the definition of T-patterns as this notation allows us unique read-
ability 7-patterns (see Proposition 2.10), a fundamental property.

The set of 7-patterns is denoted by Pattern, and T-patterns are denoted by ¢, v, x, .. ..

For any 7-pattern ¢, we denote by EVar(p) the set of element variables occuring in ¢ and by
SVar(y) the set of set variables occuring in ¢.

Remark 2.7. The definition of T-patterns can be written using the BNF notation:
pu=x € EVar| X € SVar|oc e X | L| Applop |— op
| 3z if x € EVar
| uX ¢ if . € SVar.



Definition 2.8 (Alternative definition for T-patterns).
The set of T-patterns is the intersection of all sets I' of T-expressions that have the following
properties:

(i) T contains all atomic T-patterns.

(ii) T is closed to Appl, —, Jx (for any element variable x), and uX (for any set variable X ),
that is:

if o, € T, then Applpp, — oy, Jxp, pXp €T

When the signature 7 is clear from the context, we shall say simply pattern(s) and we shall denote
the set of patterns by Pattern, the set of atomic patterns by AtomicPattern, etc..

Proposition 2.9 (Induction principle on patterns).
Let T be a set of patterns satisfying the following properties:

(i) T contains all atomic patterns.

(i) T is closed to Appl, —, 3z (for any variable z), and pX (for any set variable X ).
Then I' = Pattern.
Proof. By hypothesis, I' C Pattern. By Definition 2.8, we get that Pattern C T O
Induction principle on patterns is used to prove that all patterns have a property P: we define I"
as the set of all patterns satisfying P and apply induction on patterns to obtain that I' = Pattern.
2.1 Unique readability
Proposition 2.10 (Unique readability of patterns).

(i) Any pattern has a positive length.

(i) If ¢ is a pattern, then one of the following hold:

(a) ¢ =z, where x € EVar.

(b) ¢ = X, where X € SVar.

(¢) ¢ = 0o, where o € 3.

(d) p=1.

(e) o = Applx, where ¥, x are patterns.
(f) o =— vx, where 1, x are patterns.

(9) © = 3z, where x is an element variable and v is a pattern.

(h) ¢ = uX1, where X is a set variable and v is a pattern.
(iii) Any proper initial segment of a pattern is not a pattern.

(iv) If ¢ is a pattern, then exactly one of the cases from (ii) holds. Moreover, ¢ can be written
in a unique way in one of these forms.

Proof. (i) Let T be the set of patterns of positive length. We prove that I' = Pattern using the
Induction principle on patterns (Proposition 2.9).
(a) If ¢ is an atomic pattern, then its length is 1, so ¢ € T

(b) If p,¢ € T, hence they have positive length, then obviously the patterns Apploi,
— o, dxp, uX @ € ' have positive length, hence they are in T'.



(ii) Let T'y = {Applex | ¥, x € Pattern}, Ty = {— ¢x | ¥,x € Pattern}, I's = {Faxp | = €
EVar and ¢ € Pattern} and I'y = {uX | X € SVar and ¢ € Pattern}. Define

F:EVGTUSVQTUEU{J_}UrlUFQUFgUF4.

Then obviously, I' C Pattern. We prove that I' = Pattern using the Induction principle on
patterns (Proposition 2.9).

(a) As EVarUSVar UXU{L} CT, we have that T' contains all atomic patterns.

(b) Let o, € T, x € EVar and X € SVar. Then Applpyy € Ty C T, — pp € 'y C T,
drxp e '3 C T, and uX¢ € I'y CT. Thus, I is closed to Appl, —, Jx, and uX.

(iii) As, by (i), patterns have positive length, it follows that we have to prove that for all n > 1,
(P) ifo=10...0n_1 is a pattern of length n, then for any 0 <i <mn —1,
© =g ...p; is not a pattern.
The proof is by induction on n.
n = 1: Then one cannot have 0 <4 < 0, hence (P) holds.

Assume that n > 1 and that (P) holds for any pattern of length < n. Let ¢ = ¢q...pn_1
be a pattern of length n. By (ii), we have the following cases:

(a) ¢ = *by, where x € {Appl, —} and v, x are patterns. Thus, g = *, ¥ = ¥1...Pk_1
and x = @ ... pp—1, where 2 < k <n—1.
Let 0 <4 < n—1 and assume, by contradiction, that ¢q...¢; is a pattern. Applying
again (i), it follows that g ...p; = xplx!, where ¥!, x! are patterns. Thus, ! =
P1-. - Pp1, P ©p .- @i, where 2 < p < i. We have the following cases:

(1) p < k. Then 9! is a proper initial segment of ¢). As the length of ¢ is < n, we can
apply the induction hypothesis to get that 1! is not a pattern. We have obtained
a contradiction.

(2) p = k. Then 9! =4 and x! is a proper initial segment of y. As the length of y
is < n, we can apply the induction hypothesis to get that x' is not a pattern. We
have obtained a contradiction.

(3) p > k. Then % is a proper initial segment of 1)*. As the length of ¢! is < n, we can
apply the induction hypothesis to get that v is not a pattern. We have obtained a
contradiction.

(b) ¢ = 64, where 0 € {Jz, uX} for some x € EVar and X € SVar and 1 is a pattern.
Then o1 =0 and ¥ = s ... ¢,—1. Let 0 < i <n — 1 and assume, by contradiction,
that ¢q...p; is a pattern. Applying again (ii), it follows that ¢q...p; = 6!, where
Pt = @y...; is a pattern. As the length of 1 is < m, we can apply the induction
hypothesis to get that ¢! is not a pattern. We have obtained a contradiction.

(iv) is and immediate consequece of (ii) and (iii).

The following results will be useful in Subsections 2.4 and 2.5.

Proposition 2.11. Let ¢ = @opi ... on—1 be a pattern and suppose that p; € {3, u} for some
1=0,...,n—1. Then there exists a unique j such that i < j <n —1 and ;... @, is a pattern.

Proof. Let us prove first the uniqueness. Assume, by contradiction, that ¢ < j < k < n — 1 are
such that ¢;...¢; and ;... ¢ are both patterns. As ¢;...p; is a proper initial segment of
©i ...k, it follows, by Proposition 2.10.(iii) that ¢; ..., is not a pattern. We have obtained a
contradiction.

Let us prove in the sequel the existence.

As, by (i), patterns have positive length, it follows that we have to prove that for all n > 1,



(P) ifo=wp...on_1 is a pattern of length n and ¢; € {3, u} for some i =0,...,n —1,
then there exists j such that i < j <n —1and ¢;...; is a pattern.

The proof is by induction on n.

n = 1. Then ¢ = ¢ is an atomic pattern, so there exists no i satisfying the premise in (P), hence
(P) holds.

Assume that n > 1 and that (P) holds for any pattern of length < n. Let ¢ = ¢q ... p,_1 be a
pattern of length n such that ¢; € {3, u} for some i =0,...,n — 1. By (ii), we have the following
cases:

(i) ¢ = *x, where x € {Appl, —} and 1, x are patterns. Thus, g = x, ) = 1 ... pE_1 and
X =@k Pn-1, Where 2 <k <n—1.

(a) If i <k —1, then p; occurs in ¥. As the length of ¢ is < n, we can apply the induction
hypothesis to get the existence of j such that ¢ < j <k —1 and ¢;...¢; is a pattern.

(b) If i > k, then ¢; occurs in x. As the length of x is < n, we can apply the induction
hypothesis to get the existence of j such that ¢ < j <n —1 and ¢;...p; is a pattern.

(ii) @ = 6, where 0 € {Jz, uX} for some x € EVar and X € SVar and v is a pattern. Then
wop1 =0 and ¥ = @y ... p,—1. We have the following cases:

(a) i=0. Then j =n—1and ¢;...¢; = ¢ is a pattern.

(b) 2 <4 < n—1. Then @; occurs in t. As the length of ¥ is < n, we can apply the
induction hypothesis to get the existence of j such that i < j <k —1and ¢;...¢; is a
pattern.

O

Proposition 2.12. Let ¢ = @op1...pn_1 be a pattern and suppose that p; € {Appl,—} for
some i = 0,...,n— 1. Then there exist unique j, | such thati < j <l <n—1 and @it1...9;,
Pj+1--- Q1 are patterns.

Proof. Let us prove first the uniqueness. Assume, by contradiction, that i < j <l < m —1
and i < j; < I3 < m — 1 are such that ¥ = @i41...905, X = @jt1---01, V' = Qit1...0j,
X = @j41---p1, are patterns. If j # ji, then either j < j; or j; < j, hence one of ¢, ¥! is a
proper initial segment of the other one. By Proposition 2.10.(iii), we get that one of 1, ! is not a
pattern. We have obtained a contradiction. Thus, we must have j = j;. We prove similarly that
we must have ¢ = [4.

Let us prove in the sequel the existence.

As, by (i), patterns have positive length, it follows that we have to prove that for all n > 1,

(P) ifo=wo...0n_1 is a pattern of length n and p; € {Appl, —} for some i =0,...,n — 1,

then there exist j, [ such that ¢ < j <l <n—1and vpj41...9;, @jt1...¢ are patterns.

The proof is by induction on n.

n = 1. Then ¢ = g is an atomic pattern, so there exist no j, ! satisfying the premise in (P), hence

(P) holds.

Assume that n > 1 and that (P) holds for any pattern of length < n. Let ¢ = ¢pg...¢,—1 be

a pattern of length n such that ¢; € {Appl,—} for some i = 0,...,n — 1. By (ii), we have the

following cases:

(i) ¢ = *x, where x € {Appl, —} and 9, x are patterns. Thus, g = *, b = p1...¢r_1 and
X =@k -.-Pn_1, where 2 < k <n — 1. We have the following cases:
(a) If ¢ = 0, then we can take j =k and I =n — 1.

(b) If ¢ € {1,k — 1}, then ; occurs in ¢. As the length of ¢ is < n, we can apply the
induction hypothesis to get the conclusion.



(¢) If 4 > k, then p; occurs in y. As the length of x is < m, we can apply the induction

hypothesis to get the conclusion

(ii) ¢ = 6v, where 0 € {Jz, uX} for some x € EVar and X € SVar and v is a pattern. Then
wop1 =0 and P = o ... 1. As p; does not occur in 0, it follows that ¢; occurs in 1. As

the length of ¢ is < n, we can apply the induction hypothesis to get the conclusion.

2.2 Recursion principle on patterns

Proposition 2.13 (Recursion principle on patterns). Let D be a set and the mappings

Go : AtomicPattern — D, Gapp, G- : D? x Pattern® — D,
G3: D x EVar x Pattern — D, G, : D x SVar x Pattern — D.

Then there exists a unique mapping

F:Form — D
that satisfies the following properties:
(i) F(p) = Go(p) for any atomic pattern .
(ii) F(Applp) = Gappi(F (), F(¥), ¢, 4) for any patterns @, 1.
(
(

(iit) F(— @¢) = GL(F(p), F(¢), ¢, ¢) for any patterns o, 3.

(iv) F(Jzp) = G3(F(p),xz, ) for any pattern ¢ and any element variable x.
(v) F(pXp) = G.(F(p),X,p) for any pattern ¢ and any set variable X.

Proof. Apply Proposition 2.10.

2.3 Subpatterns
Definition 2.14. Let ¢ be a pattern. A subpattern of ¢ is a pattern 1 that occurs in .
Notation 2.15. We denote by SubPattern(p) the set of subpatterns of .

Remark 2.16 (Alternative definition).
The mapping
SubPattern : Pattern — 2°9%™ oy SubPattern(yp)

can be defined by recursion on patterns as follows:

SubPattern(p) = {¢} if ¢ is an atomic pattern,
SubPattern(Appley) = SubPattern(p) U SubPattern(y) U {Apploi},
SubPattern(— o) = SubPattern(y) U SubPattern(y) U {— o1},
SubPattern(Izp) = SubPattern(p) U {3z},

SubPattern(uXp) = SubPattern(p) U{uXep}.

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = 2Fattern and

Go(p) ={¢}, Go(T A p,9) =T UAU {opyp} for o € {Appl, —},
G3(T,z,0) =T U{Fzp} G, X,¢)=TU{uXep}.

Then
(i) SubPattern(p) = {¢} = Go(v).

O



(ii) For o € {Appl, —}, we have that
SubPattern(opy) = SubPattern(y) U SubPattern(i) U {opi}
= G, (SubPattern(yp), SubPattern(v), v, ¢).
(iii) SubPattern(Jzp) = SubPattern(p) U {3zp} = Ga(SubPattern(y),z, ¢).
(iv) SubPattern(uXp) = SubPattern(p) U {uX¢} = G, (SubPattern(¢), X, ¢).

Thus, SubPattern : Pattern — 2P is the unique mapping given by Proposition 2.13. O

2.4 Free and bound variables

Definition 2.17. Let ¢ = o1 ... on—1 be a pattern and x be an element variable.

(i) We say that 3 is a quantifier on x at the ith place with scope v if p; =3, p;y1 =
and ) = @;...p; is the unique pattern given by Proposition 2.11.

(ii) We say that x occurs bound at the kth place of y if opr, = x and there exist i,j < n such
that i < k < j and 3 is a quantifier on = at the ith place with scope ¥ = ;... p;

(iii) If pr = x but x does not occur bound at the kth place of p, we say that © occurs free at
the kth place of .

(iv) x is a bound variable of ¢ if there exists k such that x occurs bound at the kth place of .

(v) = is a free variable of ¢ if there exists k such that x occurs free at the kth place of .

Definition 2.18. Let ¢ = @op1 ... ¢on—1 be a pattern and X be a set variable.

(i) We say that p is a binder on X at the ith place with scope ¥ if o; = u, piy1 = X and
Y = @;...p; is the unique pattern given by Proposition 2.11.

(ii) We say that X occurs bound at the kth place of ¢ if o, = X and there exist i,j5 < n
such that i <k < j and p is a binder on X at the ith place with scope ¥ = ¢; ... ;.

(iii) If or, = X but X does not occur bound at the kth place of ¢, we say that X occurs free at
the kth place of .

(iv) X is a bound variable of ¢ if there exists k such that X occurs bound at the kth place of
©.

(v) X is a free variable of p if there exists k such that X occurs free at the kth place of .
Notation 2.19. FV () = the set of free element and set variables of .

Remark 2.20 (Alternative definition).
The mapping
FV : Pattern — 2FVarusvVar - o, s FV(p)

can be defined by recursion on patterns as follows:

FV(p) = EVCL?“((,O) USVar(p) if ¢ is an atomic pattern,
FV(epy) = FV(p)UFV(y) for o € {Appl, =},
FV(3rp) = FV(p)\{z},

FV(uXe) = FV(e) \{X}.



Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = 2FVarusVar anq

Go(p) = EVar(e) USVar(e), Go(Vi,Va,p,1) =V1 U Vs,
Ga(Viz,p) =V \{z}, Gu(V,X,p)=V\{X}

Then
@i
(ii

FV () = EVar(p) USVar(p) = Go(y) if ¢ is an atomic pattern.
FV(opy) = FV(p) UFV(Y) = Go(FV (9), FV (1), ¢,7) for o € {Appl, —}.
(il) FV(Jzp) = FV(p)\{z} = G3(FV(p), 2, ¢).

(iv) FV(pXp) =FV(p) \{X} = Gu(FV(p), X, ).

Thus, FV : Pattern — 2FVarUSVar s the unique mapping given by Proposition 2.13. O

)
)
)
)

2.5 Positive and negative occurences of set variables

Definition 2.21. Let ¢ = @o1 ... 9n—1 be a pattern and X be a set variable.

(i) We say that — is an implication at the ith place of ¢ with left scope ¢ and right
scope X if o; == and Y = Qiy1...95, X = Qjt+1...¢1 are the unique patterns given by
Proposition 2.12.

(ii) X occurs left at the kth place of ¢ if X occurs free at the kth place of ¢ and there exist
i <k < j<mnsuch that ¥ = ¢;...p; is the left scope of an implication — at the ith place

of v.
Definition 2.22. Let X be a set variable. We define the mapping

Nx : Pattern — Fun(N,N)

by recursion on patterns as follows:

(i) ¢ is an atomic pattern. Then Nx(¢)(k) =0 for every k € N.

(i) ¢ = Applipx, that is ¢ = Qo1 ... pn—1 with o = Appl, = ¢1... 05 and X = @j41... Pp—1
for some 1 < j <n—1. We have the following cases:
(a) k=0 ork >n.Then Nx(p)(k) =0.
(b) 1 <k <j. Then Nx(¢)(k) = Nx(4)(k —1).
(¢) j+1<k<n-—1. Then Nx(¢)(k) = Nx(x)(k—j —1).
(1) @ == Px, that is p = Pop1 ... Pn_1 With o ==, Y = p1...p; and X = Pjt1-..Pn1 for
some 1 < j<n—1. We have the following cases:
(a) k=0 or k >n.Then Nx(¢)(k) =0.
(b) 1 <k<j. Then Nx(¢)(k) = Nx(¢)(k—1)+ 1.
(¢) j+1<k<n-—1. Then Nx(p)(k) = Nx(x)(k —j—1).
(iv) o = 3z, that is © = o1 ... n—1 With oo =3, p1 =x and Y = @3 ... pn_1. We have the
following cases:
(a) k€ {0,1} ork >n. Then Nx(¢)(k) =0.
(b) 2 <k <n—1. Then Nx(p)(k) = Nx(¢)(k - 2).



(v) o = uZy, that is ¢ = Po@1 ... Pn_1 with oo =, p1 =Z and v = s ...on_1. If Z =X,
then Nx(p)(k) =0 for every k € N. If Z # X, we have the following cases:

(a) k€ {0,1} or k >mn. Then Nx(¢)(k) =0.
(b) 2< k< n—1. Then Nx(o)(k) = Nx (i) (k — 2).

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Fun(N,N) and

Go(p)(k) =0 if ¢ is an atomic pattern,

0 if k=0or k>n,

Gappt(f, 9,9, x)(k) = § f(k—1) if1<k<y, ;
gk—j—-1) ifj+1<k<n-1,
0 if k=0or k>n,

flk—=1)+1 if1<k<y

glk—j—1) ifj+1<k<n-—1,
0 if k€ {0,1} or k > n,
f(k=2) if2<k<n-1, ’

)

0 if X =27,
0 if X # Z and (k € {0,1} or k > n),
fk—=2) fX#Zand2<k<n-1.
Then
(i) Nx(p)(k) = 0= Go(p)(k) for every k € N if ¢ is an atomic pattern.
(ii) ¢ = Applypx. Then
0 ifk=0or k>n,
Nx (= ¥x)(k) = { Nx(¥)(k — 1) if1<k<j,
Nx(x\)(k—j—1) ifj+1<k<n-—1
= Gappl(Nx (1), Nx (x), 1, x) (k).
(iii) ¢ =— ¥x. Then
0 if k=0or k>n,
Nx(=¢x)(k) = { Nx(@)(k—1)+1 if 1 <k <,
Nx(x)(k—j—1) ifj+1<k<n-1
= GAPPI(NX(/L[}%NX(X)’@[}’ X)(k)
(iv) ¢ = Jzep. Then
0 if ke {0,1} or k > n,
Nx(W)(k—-2) if2<k<n-—1
= G3(Nx (), z,9) (k).

(v) ¢ =pZy. If X = Z, then Nx(nZv)(k) = 0= Gu(Nx(¥), Z,¢)(k).
Assume that X # Z. Then

Nx (Jzy)(k) = {

0 if ke {0,1} or k > n,

Nx(uZy)(k) = {Nx(w)(k —2) f2<k<n-1

= GIL(NX(w)’ Z7¢)(k)
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Notation 2.23. Let X be a set variable, k € N and ¢ be a pattern. We denote Nx(p)(k)
Ni(p, X, k) and we refer to Np(p, X, k) as the number of left occurences of X at the kth place

of .
Definition 2.24. Let X be a set variable, k € N and ¢ be a pattern such that X occurs free at
the kth place of .

(i) We say that X occurs positively at the kth place of ¢ (or that X has a positive
occurence at the kth place of ¢) if Np(p, X, k) =0 or Np(v, X, k) is an even natural
number.

(i) We say that X occurs negatively at the kth place of ¢ (or that X has a negative
occurence at the kth place of ¢) if Ni(p, X, k) is an odd natural number.

Definition 2.25. We say that ¢ is positive in X if one of the following is true:

(i) X does not occur free in .

(ii) For every k € N, if X occurs free at the kth place of ¢, then X occurs positively at the kth
place of .

Definition 2.26. We say that ¢ is negative in X if one of the following is true:

(i) X does not occur free in .

(ii) For every k € N, if X occurs free at the kth place of ¢, then X occurs negatively at the kth
place of .

Example 2.27. (i) ¢=X > (X = 1)=— X = X L. Then N (X,¢,1) = N (X, X,0)+1 =
0+ 1 = 1. Furthermore, N1 (X,¢,3) = Np(X,— X 1,1) = Np(X,X,0) +1=1. Thus, ¢ is
negative in X.

(i) p = =X = (X - 1) - L =—— X11. Then No(X,¢,2) = No(X,— X1, 1)+ 1 =
Np(X,X,0)+2=2. Thus, ¢ is positive in X.

(iil) ¢ = Appl(X — (X — 1))(——X) = Appl—» X — X 1—— X 1 |. Then ¢ is neither positive
nor negative in X.

Remark 2.28 (Alternative definition). The property that ¢ is positive in X can be defined by
recursion on patterns as follows:

(i) If v is atomic, then @ is positive in X.

(ii) If o = Applipx, then o is positive in X iff both 1, x are positive in X.
(iwi) If o =— 1x, then @ is positive in X iff 1 is negative in X and x is positive in X.
() If ¢ = 1), then ¢ is positive in X iff ¥ is positive in X.

(v) If o = uX, then ¢ is positive in X.
(vi) If ¢ = uZy with Z # X, then ¢ is positive in X iff 1 is positive in X.

Remark 2.29 (Alternative definition). The property that ¢ is negative in X can be defined by
recursion on patterns as follows:

(i) If v is atomic, then ¢ is negative in X iff p # X.

(ii) If o = Applipx, then ¢ is negative in X iff both 1, x are negative in X.
(i5i) If o =— 1x, then @ is negative in X iff 1 is positive in X and x is negative in X.
(iv) If ¢ = Fx1p, then ¢ is negative in X iff 1 is negative in X.

(v) If ¢ = uX, then ¢ is negative in X.
(vi) If ¢ = uZ+yp with Z # X, then ¢ is negative in X iff ¥ is negative in X.
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2.6 Substitution of element variables
Let « be an element variable and ¢, d be patterns.

Definition 2.30. We define Subf§y to be the expression obtained from ¢ by replacing every free
occurence of T in @ with §.

Remark 2.31 (Alternative definition).
The mapping
Subf§ : Pattern — Expr., Subfi(p) = Subfie

can be defined by recursion on patterns as follows:

Subff(z) = {i Ziz ; z if z€ EVar,
Subff (o) = o if o € SVar UX U {L},
Subf§(ovx) = oSubf§(¥)Subfs(x) for o € {Appl, —},
- B Jz1p ife=z
Subff(3=v) = {EIzSub fEW) rts
SubfE(uXv) = pXSubfE(v).

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Expr, and

Golip) = 0 ifp==x
o= p ifpe(EVar\{z})USVaruXuU{Ll}
Go(0, 7,1, x) = of1 for o € {Appl, —},
3 if x =
G3(0,27d)): Z’(/} 1 v Za
dz0 ifx#£z

Gﬂ(ea X7 ’(/}) = MXH
Then

(i) If ¢ is an atomic pattern, we have the following cases:

(a) ¢ = . Then Subf§(p) = Subf§(x) =6 = Go(yp).
(b) p € (EVar\ {z})USVarUX U {L}. Then Subff(v) = ¢ = Go(p).

(ii) For o € {Appl, —}, we have that

Subfs (oyx) = oSubfs (¥)Subfs (x) = Go(Subfs (v), Subfs (x), ¥, x)-

dzep ifx==z

JeSubfi(y) ifa Atz G3(Subf5 (¥), 2,4)

(iil) Subff(Izy) = {

(iv) Subfg (uX1) = pX Subfg (¢) = G, (Subfg (¥), X, ).
Thus, Subf§ is the unique mapping given by Proposition 2.13. O
Proposition 2.32. Subf{y is a pattern.
Proof. The proof is immediate by induction on ¢, using the alternative definition of Subfye. O

Example 2.33. [TRIVIAL CASES]
(i) Subfiy = .
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(i) If = does not occur free in ¢, then Subffe = .

Definition 2.34. We say that © is free for § in ¢ or that § is substitutable for x in ¢ if the
following hold:

(i) if z is an element variable occuring free in § and 3 is a quantifier on z in @ with scope 0,
then = does not occur free in 6.

(ii) if Z is a set variable occuring free in 6 and p is a binder on Z in ¢ with scope 8, then is a
quantifier on z in @ with scope 0, then x does not occur free in 0. x does not occur free in 6.

Remark 2.35. Let y # = be an element variable.

(i) x is free for y in @ if the following holds: if 3 is a quantifier on y in ¢ with scope 0, then x
does not occur free in 6.

(#i) x is not free for y in ¢ if 3 is a quantifier on y in ¢ with scope 6 and x occurs free in 0.
Example 2.36. Let § = Z — =.
(i) If ¢ = pZz, then z is not free for ¢ in .
(ii) If ¢ = Jza, then z is not free for § in .
(iii) If p = z& — Zx, then x is free for § in .
Example 2.37. z is free for § in ¢ in any of the following cases:
(i) = does not occur free in .
(ii) Any element or set variable of & does not occur bound in ¢.

(ili) EVar(s) = SVar(s) = 0.

2.6.1 Bounded substitution
Let ¢ be a pattern and x, y be element variables.

Definition 2.38. We define Subbyp to be the expression obtained from ¢ by replacing every bound
occurence of x in p with y.

Remark 2.39 (Alternative definition).
If x =y, then obviously Subbyp = . Assume that x # y. Then the mapping

Subby, : Pattern — Expry,  Subby(¢) = Subbyp

can be defined by recursion on patterns as follows:

Subb () = o if v is an atomic pattern,
Subby(opx) = oSubby(¢))Subby(x) for o € {Appl, =},
Subbe (315) JySubf; (Subby(w)) zfx = z’
Y 32Subby (1) ifx# 2z
Subb? (uXv) =  pXSubb?(4).

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Expr, and
Golp) =¢, Go(0,7,,x) = ofiT for o € {Appl, —},

JySubfy(0) ifz ==z

G0, X = uX0.
320 ifx;éz’ M(7 )=

GH(G’ 2, 1/)) = {
Then
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(i) If ¢ is an atomic pattern, Subby(¢) = p = Go(y).
(ii) For o € {Appl, —}, we have that
Subby (o1px) = oSubby () Subby (x) = Go(Subby (), Subby(x), 1, X)-

JySubfr (Subbt(y)) ifx ==z
Subb? (3 = Y Y = G3(Subb% (), z,
(iv) Subbf(uX) = pX Subbs(v) = G, (Subb (1), X, ).
Thus, Subby is the unique mapping given by Proposition 2.13. O

Proposition 2.40. Subbyy is a pattern.

Proof. The proof is immediate by induction on ¢, using the alternative definition of Subbyp. [

Proposition 2.41. Assume that x # y and y does not occur in p. Then x is free for y in Subbyp.
Proof. The proof is by induction on ¢.
(i) ¢ is an atomic pattern. Then Subby¢ = ¢ and x is free for y in ¢, as y does not occur in ¢.
(ii) ¢ = oy for o € {Appl, —}. Then Subbjp = oSubb ()Subby(x). As y does not occur in

¥, X, we can apply the induction hypothesis to get that x is free for y in Subby), Subbyx.
It follows that z is free for y in Subbyp.

(iii) ¢ = Jz1p. We have two cases:
(a) z = z. Then Subbye = JySubf; (Subbij(pl). It is obvious that x does not occur in

Subbyp, so x is free for y in Subby .

(b) @ # 2. Then Subbye = JzSubbyp1. As y does not occur in ¢, we can apply the
induction hypothesis to get that z is free for y in Subbyi. As y does not occur in ¢,
we must have that y # z. Then, obviously z is free for y in Subby .

(iv) ¢ = pX¢. Then Subbjp = pXSubbjp:. As y does not occur in 1, we can apply the
induction hypothesis to get that z is free for y in Subbyy. Then, obviously x is free for y in
Subblp.

y

O

2.7 Substitution of set variables

Let X be a set variable and ¢, é be patterns.

Definition 2.42. We define S’ubféxgp to be the expression obtained from @ by replacing every free
occurence of X in ¢ with 6.

Remark 2.43 (Alternative definition).
The mapping
Subf{ : Pattern — Expr., Subfs (p) = Subfi¢p

can be defined by recursion on patterns as follows:

.  (six=2z |
Subfs* (Z) = {Z X 27 if Z € SVar,
Subfi () = ¢ if o € EVar UX U {L},
Subf{(ox) = oSubfi(1)Subf* (x) for o € {Appl, =1},
Subff(Gey) = FwSubfF(v),

y wZ X =2
St 2] {uZSubJ%X @) HXAZ
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Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Expr, and

Gol) = ¢ ifpeEVarJ(SVar\{X})UXU{L}
Go(0, 7,1, x) = of1 for o € {Appl, — 1},
G3(0,x,) = 30,
wZy X =2
uz it X # 7.

{5 if =X

G#(eﬂ va) = {

Then
(i) If ¢ is an atomic pattern, we have the following cases:

(a) ¢ = X. Then SubfiX(¢) = Subf(X) =0 = Go(p).
(b) ¢ € EVar U (SVar\ {X})UX U{L}. Then Subfs(¢) = ¢ = Go(p).

(ii) For o € {Appl, —}, we have that

SubfX (o1hx) = oSubfX () Subf;* (x) = Go(Subfy (1), Subfs* (x), ¥, x)-

(iii) Subf (3av) = IrSubf;¥ (1) = Ga(Subf (1), z,1).

. | uzy ifX=2
(iv) Subs¥ (uzv) = {MZSub Xy ity 27, = GO @.20)

Thus, Subf(gx is the unique mapping given by Proposition 2.13. O
Proposition 2.44. Subf¢ is a pattern.

Proof. The proof is immediate by induction on ¢, using the alternative definition of Subf¢. O

Definition 2.45. We say that X is free for § in ¢ or that ¢ is substitutable for X in ¢ if the
following hold:

(i) if z is an element variable occuring free in § and 3 is a quantifier on z in p with scope 6,
then X does not occur free in 6.

(i) if Z is a set variable occuring free in 6 and p is a binder on Z in ¢ with scope 0, then X
does not occur free in 6.

Example 2.46. X is free for § in ¢ in any of the following cases:
(i) X does not occur free in .
(ii) Any element or set variable of § does not occur bound in ¢.

(i) EVar(d) = SVar(d) = 0.

2.7.1 Bounded substitution

Let ¢ be a pattern and X, Y be set variables.

Definition 2.47. We define Subb¢ to be the expression obtained from ¢ by replacing every
bound occurence of X in ¢ with Y.

15



Remark 2.48 (Alternative definition).
If X =Y, then obviously Subbss p = ¢. Assume that X #Y . Then the mapping

Subbys : Pattern — Expry, Subby (o) = Subby ¢

can be defined by recursion on patterns as follows:

Subbss () = if v is an atomic pattern,
Subbs (o1py) = oSubbys (1) Subbi (x) for o € {Appl, —},
Subbys (Frp) = JxSubbit (),
X b's v
SubbX (u74) /AYSubf; (Subbss (1)) z‘fX = Z‘
1 Z Subbsf (1) if X+ 7

Proof. Apply Recursion principle on patterns (Proposition 2.13) with D = Expr, and

Go(p) =@, Go(0,7,1,x) = obt for o € {Appl, —1},
G3(0,2,9) =320, G.(0,2,9) = {g;wf?(@ ii ; i
Then

(i) If ¢ is an atomic pattern, then Subbis (¢) = ¢ = Go(p).
(ii) For o € {Appl, —}, we have that

Subbs (o3px) = 0Subbyf (1) Subbs (x) = Go(Subbs (v), Subbs (x), ¥, x)-

(iii) Subbst (3wep) = IwSubbss () = Ga(Subbst (¥), z,v).

pY Subfi¥ (Subbss (v)) i X =27

b'e
Wz Subbys (1) X427 Gu(Subby (), Z, ).

(iv) Subb¥ (nzv) = {

Thus, Subbyt is the unique mapping given by Proposition 2.13.

Proposition 2.49. Subbs ¢ is a pattern.

Proof. The proof is immediate by induction on ¢, using the alternative definition of Subbyp. O

Proposition 2.50. Assume that X # Y and Y does not occur in . Then X is free for Y in

Subbss .

Proof. The proof is by induction on ¢.

(i) ¢ is an atomic pattern. Then Subbyip = ¢ and X is free for Y in ¢, as Y does not occur in

®.

(ii) o = otby for o € {Appl,—}. Then Subbys = ApplSubbys1)Subbyx. As'Y does not occur in
1, X, we can apply the induction hypothesis to get that X is free for Y in Subbsis 1), Subbs ).

It follows that X is free for Y in Subbss .

(iii) ¢ = 3z¢p. Then Subbyep = JzSubbyep. As Y does not occur in v, we can apply the
induction hypothesis to get that X is free for Y in Subbs 1. Then, obviously X is free for

Y in Subbss .

(iv) ¢ = uZrp. We have two cases:
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(a) X = Z. Then Subbyp = puY Subfi* (Subby¢1). It is obvious that X does not occur in
Subbif p, so X is free for Y in Subbsy .

(b) X # Z. Then Subbys¢ = uZSubbyitp. As Y does not occur in v, we can apply the
induction hypothesis to get that X is free for Y in Subbst. As Y does not occur in ¢,
we must have that Y # Z. Then, obviously X is free for Y in SubbX .

O

2.8 Free substitution
Definition 2.51. Let x be an element variable and ¢, § be patterns. We define p,(9) as follows:
(1) If © is free for § in ¢, then @, (6) = Subffp.

(i1) Assume that x is not free for § in ¢ and let uy, ..., ux be the element variables and Uy, ..., Uy
be the set variables that occur bound in ¢ and also occur in §. Let z1,. ..,z be new element
variables and Z,...,Z, be new set variables, that do not occur in ¢ or 6. Consider the
pattern

0 = Subby: Subby? ... Subby’ Subb?! Subb¥ ... Subb™ .
Then ¢ (0) = Subf§Fo.
Definition 2.52. Let X be a set variable and ¢, § be patterns. We define ox(0) as follows:
(i) If X is free for § in @, then ox(8) = Subf .

(i1) Assume that X is not free for § in ¢ and let uy, . .., uy be the element variables and Uy, ..., U,
be the set variables that occur bound in @ and also occur in 8. Let z1, ..., z, be new element
variables and Zi,...,Z, be new set variables, that do not occur in ¢ or 6. Consider the
pattern

0 = Subby! Subby? ... Subby” Subb’: Subb¥ ... Subb™ .
Then px(8) = Subfi6.
Remark 2.53. In the above definitions, we could define z1, ...,z and Z1, ..., Z, as follows:
(i) Letl € N be mazimum such that v; occurs in ¢ ord. Then define z; = viy; foralli =1,... k.
(i) Let m € N be mazimum such that V,, occurs in ¢ or 6. Then define Z; = Vyyy for all
i=1,...,p.

2.9 Contexts
Let O be a new symbol and let us denote
Sympg = Sym, U {0} U {Applg}.
Definition 2.54. The 7-contexts are the expressions over Symp inductively defined as follows:
(i) O is a T-context.
(i) If C is a T-context and ¢ is a T-pattern, then ApploCy and ApplgeC are T-contexts.
(i) Only the expressions over Symp obtained by applying the above rules are T-contexts.
The set of T-contexts is denoted by C, and 7-contexts are denoted by C, Cq, Cs, .. ..

Remark 2.55. The definition of T-contexts can be written using the BNF notation:

C =0 | ApplgCy | ApploeC.
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Definition 2.56 (Alternative definition for 7-contexts).
The set of T-contexts is the intersection of all sets I' of expressions over Symg that have the
following properties:

(1) Oel.
(i) If C €T and ¢ is a T-pattern, then ApploCe, ApploeC € T.

Proposition 2.57. [Induction principle on contexts]
Let T be a set of T-contexts satisfying the following properties:

(1) Oel.
(i) If C €T and ¢ is a pattern, then ApplnCy, ApploeC € T.
Then I =C.
Proof. By hypothesis, I' C C. By Definition 2.56, we get that C C T'. O

When the signature 7 is clear from the context, we shall say simply context(s) and we shall denote
the set of contexts by C.

Proposition 2.58. [ occurs ezxactly once in every context C'.
Proof. The proof is by induction on the context C'
(i) C =0. Obviously.

(ii) C = ApplgCiv and, by the induction hypothesis, [J occurs exactly once in C;. As ¢ is a
pattern, O does not occur in . Thus, O occurs exactly once in C.

(iii) C = ApplgyCy and, by the induction hypothesis, [J occurs exactly once in C;. As ¢ is a
pattern, [0 does not occur in ¢. Thus, [J occurs exactly once in C.

O

2.9.1 Unique readability and recursion principle
Proposition 2.59 (Unique readability of contexts).
(i) Any context has a positive length.
(ii) If C is a context, then one of the following hold:
(a) C =0.
(b) C = ApplgCrp, where Cy is a context and ¢ is a pattern.
(c) C = ApplopCy, where Cy is a context and ¢ is a pattern.

(i4i) Any proper initial segment of a context is not a context.

(iv) If C is a context, then exactly one of the cases from (ii) holds. Moreover, C can be written
in a unique way in one of these forms.

Proof. Similarly with the proof of Proposition 2.10. O

Proposition 2.60 (Recursion principle on contexts).
Let A be a set, 04 € A and the mappings

G1,Gs : A x Pattern — A.

Then there exists a unique mapping
F:C— A

that satisfies the following properties:
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(i) F(O) =04 for any atomic pattern ¢.
(ii) F(ApplgCiv) = G1(F(Cy),p) for any context Cy and any pattern .
(i1i) F(ApployCi) = Go(F(Ch), ) for any context Cy and any pattern ¢.

Proof. Apply Proposition 2.59. O

2.9.2 Substitution

Definition 2.61. Let C' be a context and ¢ be a pattern. We denote by C[p] the T-expression
obtained by replacing all the occurences of O with ¢ and all occurences of Applg with Appl.

Remark 2.62 (Alternative definition).
Clg] can be defined by recursion on contexts as follows:

Ole] = o
(ApploC1Y)[p] = ApplCilp]y,
(ApployCh)lp]l = ApplypCilyp].

Proof. Let F : C — Fun(Pattern, Expr,) be defined by F(C)(p) = C[p]. We show in the sequel
that F' can be defined by recursion on patterns. The above definitions become

FO)(p) = ¢,  F(ApploCiv)(p) = ApplF(C1)(9)¥,  F(ApployCi)(p) = Applv F(Cr)(¢p).
Apply Proposition 2.60 with

A = Fun(Pattern, Expr.), 0%(¢) = ¢, Gi(f,9)(p) = Applf()y and G2(f,¥) () = Apply f ()
for every f : Pattern — Ezpr, and every patterns ¢, 1. Then

(i) F(O)(p) = ¢ = O4(y) for every pattern . It follows that F(O) = O4.

(ii) F(ApplgCiy)(p) = ApplF(C1)(p)y = G1(F(C1),v)(p) for every pattern ¢. It follows that
F(ApploCiip) = G1(F(Ch), ).

(iii) F(ApplowCi)(p) = Applyp F(C1)(p) = G2(F(C1),%)(p) for every pattern . It follows that
F(ApployCr) = Go(F(Ch), 9).

Thus, F' is the unique mapping given by Proposition 2.60. O

Proposition 2.63. C[¢] is a pattern.
Proof. The proof is by induction on the context C, using the alternative definition of Clip].
(i) C =0. Then C[yp] = ¢ is a pattern.

(ii) C = ApploCiy and, by the induction hypothesis, C;[¢] is a pattern. As C[p] = ApplCi[o]t),
it follows that C[y] is a pattern.

(iii) C = ApployCy and, by the induction hypothesis, C1[¢] is a pattern. As C[p] = ApplyCi[y],
it follows that C[y] is a pattern.

O
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2.9.3 Free variables

Definition 2.64. The set FV(C) of free variables of C is defined by recursion on contexts as
follows:

FV(D) = 0,
FV(ApplnCiy) = FV(C1)UFV(¥),
FV(ApployCy) = FV(Ci)UFV(y).

Proof. Apply Proposition 2.60 with
A =2FVerusVer 4 — ¢ Gy(V,¢) = Ga(V,4) = VU FV ().
Then
(i) FV(O) =0 =04
(ii) FV(ApploCiy) = FV(C1) UFV (¥) = Gi(FV(C1), ).
(ili) FV(ApployCh) = FV(C1) UFV(¥) = G2(FV(Ch), 7).
Thus, FV : C — 2EVeruSVar ig the unique mapping given by Proposition 2.60. O

2.10 Derived connectives. Conventions

We shall write in the sequel ¢ - ¢ instead of Applpy, ¢ — 9 instead of — 1, Jz.¢ instead of
dxp, and puX.e instead of pX .

We shall also use parentheses when it is necessary to make clear the structure of a pattern. For
example, we write (¢ — ¥) - .

The pattern ¢ -9 is called an application. As a convention, application is associative to the left
and thus we write @1 - @2 - p3... p, instead of (...((v1-@2) - ¥3) ... ©n).

We introduce derived connectives by the following abbreviations:

—|90:§D—>J_, T:_'J—y

VY =-p =, PN ==(mp V),
peov=(=2>9)A0W =),

V.o = =3z, vX.p=—uX.~SubfXp.

The scope of 3, V, u, v goes as far as possible to the right unless it is limited by parentheses.
For example, Vz.p — ¢ is Vz.(p = ¢), puX.o A is uX.(p A1), and x.p — ((Fy.p) — 2) is

Jz. (v = ((Fy.p) — 2)).
To reduce the use of parentheses, we assume that

(i) application has the highest precedence.

(ii) u, v have higher precedence than the quantifiers 3, V.
(iii) quantifiers 3, V have higher precedence than the propositional connectives.
(iv) — has higher precedence than —, A, V, <;
(v) A,V have higher precedence than —, <.

We define in the sequel finite conjunctions and disjunctions. Let ¢! ... ©"(n > 1) be
patterns. Then A]_, »* and \/|_, ¢; are defined inductively as follows:

1 . 2 . n+1 )
/\QOZ:<P1,A<PZ:<P1A<P2, /\<p12<
=1

=1 i=1

1 . 2 . n+1 ]
\/(,Ol:(Pl,\/(PZ:SOlVSDQ, \/‘Pl:<
i=1

i=1 i=1

=

W) A"t (3)
1

(2

<=

w’) V"t (4)

V...V ™" instead of \/i_, ¢".

2

v
—

We also write o' A ? A ... A ™ instead of A\]_, ¢* and 'V ¢
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3 Semantics

Let 7 = (EVar,SVar,%) is a signature.
Definition 3.1. A 7-structure is a pair
A= (A, _x_, 2%,
where
(i) A is a nonempty set.
(ii)) _x_: Ax A— 24 is a binary application function;
(i) YA ={cAC Ao e X}

A is called the universe or the domain of the structure .A. We use the notation A = |A|. If
a € A, we also write a € A. Furthermore, o is called the interpretation or the denotation of
the constant o in A.

We extend the application function _* _ as follows:

x_: 29 %24 594 BxC = U b*c.
beB,ceC

Proposition 3.2. Let B,C,D C A and (A;)icr be a family of subsets of A.

Bx0=0%B=40, (5)
(CUD)xB=(CxB)U(DxB), (6)
Bx(CUD)=(BxC)U(BxD), (7)
(CND)xBC (C+B)N(D~*B), (8)
Bx(CND)C (BxC)N(BxD), 9)
(U AZ-) *B=|J(4;+B), (10)
i€l iel
B (U Ai> = JB~* A, (11)

il il
(ﬂ Ai> *BC [ (4ixB), (12)
iel il
B« (ﬂ Ai> C (B *A), (13)
iel iel
B C C implies BxD CC*xD and DxBC DxC (14)
B CC and D C E implies BxD CCxE (15)
B C C implies CaABxD 2D CaC D and DxC4aB D D% C4C (16)

Proof. (5): Obviously.
) (CUD)* B =Ueccuppen c*b= (Unecwen %) U (Ueeppen cxb) = (C* B)U(D* B).

(6

(7): Bx(CUD) = UbeB,ceCqu*C = (UbeB,cer*C) U (UbeB,ceDb*C) = (B*xC)U(Bx*D).
(8): Let a € (CND)xB. Then a = exb withe € CND and b € B. It follows that a €
(CxB)n (D x* B).

(9): Let a € Bx(C N D). Then a = bxe withe € CND and b € B. It follows that a €
(BxC)N (Bx*D).
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(10): (Uses Ai) x B = Useu,., aibeB @%b = Uier Usea, pep @%b = Ui (4i « B).

(11): B * (UiEI Ai) = UbeB,aniefAi bra=U,es UaeAi,beB bra=Ue(BxA).

(12): Let a € ((;e; Ai) * B. Then a = exb with b € B and e € (,c; A;, hence a € A; for all
i€ I. It follows that a € (,c;(A; x B).

(13): Let @ € B x ((;e; Ai). Then a = bxe with b € B and e €
i€ 1. Tt follows that a € (),c (B * As).

(14): BxD =Upepacpb*d S Upccgepb*d=Cx D and, similarly, Dx B C D xC.

(15): Apply (14) twice to get that Bx D CCxD CCxE.

(16) As B C C, we have that C4B D C4C. Apply (14). O

el

ser Ai, hence a € A; for all

Definition 3.3. Let A be a T-structure. An A-valuation is a function e : EVaruSVar — AU24
that satisfies:

e(x) € A for all x € EVar and e(X) C A for all X € SVar.

A-valuations are also called A-assignments.

3.1 Valuation of patterns
In the following, A is a T-structure and e is an A-valuation.

Notation 3.4. For any variable x € EVar and any a € A, we define a new A-valuation ey, as
follows: for allv € EVar and all V € SVar,

e(v) ifv#zx

ezsa(V) = €(V) and egrsa(v) = {CL if v=ux.

For any variable X € SVar and any B C A, we define a new A-valuation ex,_,pg as follows: for
allve EVar and all V € SVar,

e(V) #fV#£X
ex—p() =e(v) and ex (V) {B V=X,
Definition 3.5. The patterns A-valuation

et : Pattern — 24

is defined by induction on patterns as follows:

(i) e*(z) = {e(z)} if v € EVar.

(ii) e*(X) = e(X) if X € SVar.

(iii) e* (o) = o™ for every o € 3.

(iv) €T (1) =

(v) €"(p-9) = eT(p) xeT (V).

(vi) e*(p = ) = Cale® () \ e (¥)).
(vii) et (F2.9) = Uyea (ema) ™ (9)-

(viii) e (1X.) = {B S A (exirn)" () C B

We say that ¢ evaluates to B C A (with e) if et (¢) = B. If a € et (¢), we say that a matches
¢ (with witness e).

Proposition 3.6. For all patterns ¢, 1,
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(i) et (p = ¢) = CacT(p) Uet(¢).
(i) et (=p) = Cac* ().

(iii) e*(T) =

(iv) et (p Vi) =et(p) Uet(v).

(v) et(pAY) = et (p)net ().

(vi) e*(p < ¥) = A\ (e*(p)Act (¥)).
(vii) " (V2.0) = Nyea (€ara) " ().

Proof. (i) We have that
ef(p = ¥) = Cale™(9) \ e"(¥) = Cae (p) Uet ().

(i) e"(~p) =€ (p = L) = Cae™(p) Vet (L) = Cae™(p) UD = Cae(p).

(iii) e™(T) =et(-L) = Caet (L) =Cal = A.

(iv) We have that

et V) = et (mp =) = Cact(mp) Uet (¥) = Ca(Cae™ () Ue™ (v)
=e"(p)Uet(¥).
(v) We have that

et (e A1) = et (=(mp V1)) = Caet(mpV =) = Cale™ (mp) Ue (—1)))
= Ca(Caet(p) UCae™ (¥) = e (p) NeF ().

(vi) We have that

eflpeov)=e (g2 AW =2 ¢)=c(w=¥)Net (¥ = )
= Cale™(p) \e" (1)) N Cale™ (¥) \ e (¢)) = Cale’ (p)Ae™ (1))

(vii) We have that

et (Vo.@) = et (=3w.7p) = Caet (Fz.—~p) = Ca (U (easa)” (“‘P))

acA

= Ca (U (Ca(easa)” (go>)> = ) Ca (Calearsa)™ () = [ (exma) " (9.

acA a€A a€A
O
Definition 3.7. Let ¢ be a pattern. We say that

(i) e satisfies ¢ in A if et (p) = A.
Notation: AE ple].

(ii) e does not satisfy p in A if et (p) # A.
Notation: A¥ ple].

Proposition 3.8. (i) For every element variable z, AFE x[e] iff |A| = 1.
(i1) For every set variable X, AF Xle] iff e(X)=A
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(iii) For every constant o, AF ole] iff o4 = A
(iv) A¥ Lle] and AE T]e].

(v) For every pattern o, AE —ple] iff et (p) =
(vi) For every patterns o, ¥, AF (¢ ¥)[e] iff Upeet (p),ccer () b* ¢ = A

(vii) For every patterns o, ¥, AE (¢ Ab)[e] iff (AE gle] and AF [e]).
(viii) For every patterns o, 1, AE (o V )[e] iff et (p) Uet () = A.

(iz) For every patterns o, 1, AE (o — ¥)[e] iff et (o) C et ().

(z) For every patterns ¢, ¥, AF (¢ < ¥)[e] iff e (p) = e (¥).

(zi) For every patterns @, 1, AE (o < ¥)[e] iff (AE (o = ¥)[e] and AE (¥ — @)[e]).

(zii) For every pattern ¢ and every element variable x, AF (3x.¢)[e] iff Upea (exma)™ (p) = A.

(xiii) For every pattern ¢ and every element variable x, if there exists b € A such that A E ez ),
then AE (3z.9)[e].

(ziv) For every pattern ¢ and every element variable x, AE (Vx.p)le] iff AE plepsa] for every
a€ A

(zv) For every pattern ¢ and every set variable X, if A E plex—p] for every B C A, then
AF (uX.g)[e].

Proof. (i) AE zle] iff et (z) = A iff {e(z)} = A iff |A] = 1.

(i) AE X[e] iff et (X) = A iff e(X) = A.

(iii) AF ole] iff et (o) = A iff 04 = A.

(iv) Obviously, since et (1) =0 and e (T) = A.

(v) AE —ple] iff et (—p) = Aiff A\ et(p) = Aiff et(p) = 0.

(vi) AF (- ¥)le] iff et (p-v) = Aiff e¥(p) x et () = Aiff Upeor (o), ceet () 0xc= 4
) A

(vii E(pAy)el iff et(pny) =Aiff et (p)net(y) = Aiff eT(p) = et(¢p) = A (since
et (), et (¥) € A) iff (AF ple] and A F 1)[e]).

(viii) AE (pV)le] iff et (p V) = Aiff et (o) UeT(v) = A.

(ix) A .(: )( (12)[6] iff e*(p = ) = Al Cale™ (@) \ e¥(v)) = Aiff eF(p) \ e™ () = 0 iff
(x) AFE (¢ & Q)] iff ¥ (p < ) = Aiff A\ (eT(p)Ae™(¥)) = Aiff et (p)Aet(¢) = 0 iff
et () = et ().

(xi) Apply (vii).
(xii) AF (Fz.@)le] iff et (Tr.@) = Aiff U, 4 (exsa) () = A.

(xiii) Assume that b € A is such that A E @lenss], 50 (exsp)’ (9) = A. Since (ezp)" (@) C
Usea (€xsa)™ (p) = e*(3a.¢), we must have et (Iz.p) = A, hence A F (Fz.¢)]e].

(xiv) AFE (Yop)le] iff et (Va.p) = Aiff ,c 4 (ezsa)’ (p) = Aifffor every a € A, (exsa)™ (p) = A
iff for every a € A, AF plesal.
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(xv) Let us denote B = {B CAl(exsn) (p) C B}. Obviously, A € B. Assume that for every
B C A we have that A E ¢lex., 5], hence (exp)" (¢) = A. It follows that B = {A},
since if B C A,B # A, then (ex.5)" (¢) = A € B. Thus, et (uX.p) = B = A, so
AF (uX.g)[e]

O

Proposition 3.9. Let A be a T-structure. Then for every pattern ¢, the following holds:
(%) for every A-valuations e1, ez, if e1|py () = €2|pv(y), then ef () = €3 (o).
Proof. We prove (%) by induction on ¢.

(i) ¢ =2z € EVar. Then FV(p) = {z}. Let e;, e2 be two A-valuations such that e; (z) = ea(x).
We get that e () = {e1(z)} = {e2(2)} = €3 ().

(i) ¢ = X € SVar. Then FV(p) = {X}. Let e1, ea be two A-valuations such that e;(X) =
e2(X). We get that e (¢) = e1(X) = e2(X) = e5 ().

(iii) ¢ =0 € X. Then FV(p) = 0. Let ey, es be two A-valuations. Then e] (¢) = o = e ().
= e;

(¢)-

(v) ¢ = ¢ - x. Then FV(p) = FV () U FV(x). Let e1, e3 be two A-valuations such that
e1lrvie) = e2lrv(p)- Then ei|py(y) = ealpyv(y) and ei|pyv(y) = e2lrv(y). Applying the
induction hypothesis for 1, , it follows that e (v)) = e3 (v) and e] (x) = e3 (x). We get
that e () = ef (¥) xef (X) = €3 (V) xe3 (x) = €3 (¢.)

(vi) ¢ =9 = x. Then FV(p) = FV () U FV(x). Let e1, ez be two A-valuations such that
61‘Fv(¢) = €2|Fv(@). Then 61|FV(¢) = eg‘pv(w) and el|FV(x) = 62|FV(x)~ Applying the
induction hypothesis for v, x, it follows that e} () = e5 (1) and e] (x) = e3 (x). We get

that ey (¢) = Ca(ef () \ ef (X)) = Calez (¥) \ e3 (1)) = €3 ().

(vii) @ = Jz.ap. Then FV(p) = FV () \{z}. Let e1, ez be two A-valuations such that e;|py () =
e2|lpv(p)- For every a € A, we have that €1, ,4|Fv(y) = €2z5alFv(y), hence, applying

the induction hypothesis for v, that (elea)+ (W) = (egm,_m)Jr (¢). We get that ef (¢) =
Uaea (e1oma)” (@) = Unea (€20a) " () = F ().

(viii) ¢ = pX.ap. Then FV(p) = FV(¢) \ {X}. Let e1, ez be two A-valuations such that
e1|pv(p) = e2|Fv(y). For every B C A, we have that e1 x.,g|rv(y) = €2xB|Fv(y), hence,

applying the induction hypothesis for , that (e1x.,5)" (1) = (e2ax5)" (). We get that
et (p) =M{BC Al (e1xmn)" () € BY =B C Al (e2xs5) " () € B} = €5 ().

(iv) ¢ = L. Then FV(p) = . Let e1, e2 be two A-valuations. Then e} () =

O

Hence, the A-valuation of a pattern depends only on the A-valuations of the free variables of the
pattern. As an immediate application of Proposition 3.9, we get

Corollary 3.10. Let A be a T-structure, ¢ be a pattern and ey, es be two A-valuations such that

e1lpv(p) = e2|lrvip). Then AFE plel] iff AF plea].

3.2 Model, validity, satisfiability

Definition 3.11. Let ¢ be a pattern and A be a T-structure. We say that A satisfies ¢ or that
A is a model of p if AE ¢[e] for every A-valuation e.
Notation: AFE ¢.

Proposition 3.12. Let A be a T-structure.
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(i) For every element variable x, AF x iff |A| = 1.
(ii) For every constant symbol o, AE o iff o = A.
(i) AF L and AET.
(iv) For every patterns ¢, ¥, AE o AN iff (AE ¢ and AE ).
(v) For every patterns ¢, ¢, ¢, AF o < ¢ iff (AFE o = ¢ and AE Y — ).
(vi) For every patterns ¢, ¥, if AE @ — 1 and AFE ¢, then AE .
(vii) For every patterns ¢, ¢, if AE ¢ <> 1, then (AE ¢ iff AE ).
(viii) For every pattern ¢ and every element variable x, A EVz.p iff AF .

Proof. (i)-(vii) are obtained as an immediate consequence of Proposition 3.8.

(viii) = Let e be an arbitrary A-valuation. Since A F Vz.p, we have that A F ¢ley,] for all
a € A. By letting a := e(x), we get that e = e4yq. Thus, AFE ¢le].

< Let e be an arbitrary A-valuation and a € A. We have to prove that A F ¢legq]. This follows
immediately from the fact that A E . O

Definition 3.13. Let ¢ be a pattern. We say that ¢ is valid if AE ¢ for every T-structure A.
Notation: F .

As an application of Propositions 3.12, we get

Remark 3.14. (i) T is valid.
(i) For every patterns @, v, E o A iff (E @ and E ).

(iii) For every patterns ¢, 1, E o < ¢ iff (Eo =Y andF ¢ — ).
(iv) For every patterns o, v, if F o — ¢ and E ¢, then E 1.

(v) For every patterns o, ¥, if £ p <> 1, then (E ¢ iff E).

In the sequel, we write “Let (A, e)” instead of “Let A be a T-structure and e be an A-valuation”,
“there exists (A, e)” instead of “there exists a 7-structure A and an A-valuation e” and “for all
(A, e)” instead of “for every 7-structure A and every A-valuation e”.

3.2.1 Finite disjunctions and conjunctions

Let o!,...,0"(n > 1) be patterns.
Proposition 3.15. Let (A,e). Then

(e’ (A7)

—-

n
e+(<p1/\<p2/\.../\<p"):ﬂe+(<pi) and et (p' VPV, . V") =
i=1

=1

Proof. By induction on n. The case n = 1 is obvious. For n = 2 apply Proposition 3.6.(v), (iv).
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n = n + 1: We have that

(@ NP AL AP Appp1) = et (PP AT AL AR A pnta)

n
et (' AP A AP Net(pnia) = [ €T (') Net (onta)
=1

»
A
e+

et (@' VPPV VOtV i) =et (' VP VL V") Vpnyg)

n
=t (P VP V. v Uet(pu) = (et (¢ Vet (pnia)

O
It follows immediately that
Proposition 3.16. The following hold:
(i) For every (A, e),
(a) AE (' Ao A@™)[e] iff AE ©ile] for everyi=1,...,n.
(b) AE (o' V...veh)e] iff U, et (¢) = A.
(ii) For every A, AE @ A... A" iff AE @ for everyi=1,...,n
(iii) E ' AL A Q" iffE @ for everyi=1,...,n
3.3 Semantic consequence and equivalence
We define in the sequel three notions of semantic consequence and logic equivalence.
3.3.1 Notion 1
Definition 3.17. Let o, ¢ be patterns. We say that
(i) ¥ is a global semantic consequence of ¢ if for every A,
AE ¢ implies AE 1.
Notation: ¢ Fg ).
(ii) ¢ and i are globally logically equivalent if for every A, AE ¢ iff AE 1.
Notation: ¢ Hg 1.
Remark 3.18. ¢ H, ¢ iff (p Ey ¢ and Y E4 ).
Proof. Obviously. O

Remark 3.19. (i) If p =, 9, then E ¢ implies F 1.

(11) If p Hy ¢, then E ¢ iff E .
Proof. (i) Assume that ¢ =, ¢ and that F ¢. We have to prove that F 1, hence that for every
A, AE 9. Let A be arbitrary. Since F ¢, we have that A F ¢. Since ¢ Fg 1, it follows that
AE .

(i) By (i).
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3.3.2 Notion 2
Definition 3.20. Let @, @ be patterns. We say that

(i) ¥ is a local semantic consequence of ¢ if for every (A, e),
A E ¢le] implies AE 9le].

Notation: ¢ Fy .

(11) p and v are locally logically equivalent if for every (A, e), AFE ple] iff AE [e].
Notation: ¢ H; 1.

Remark 3.21. o H ¢ iff (o Fi ¢ and Y E; p).
Remark 3.22. (i) If ¢ F; 1, then F ¢ implies F 1.
(ii) If ¢ By 1, then E ¢ iff F 1.

Proof. (i) Assume that ¢ F; ¢ and that F ¢. We have to prove that F 1, hence that for every
(A,e), AE le]. Let (A, e) be arbitrary. Since E ¢, we have that A F ¢[e]. Since ¢ E; 9, it
follows that A E [e].

(i) By (i).

3.3.3 Notion 3
Definition 3.23. Let @, @ be patterns. We say that

(i) v is a strong semantic consequence of ¢ if for every (A, e), et () C et ().
Notation: ¢ Eg 1.

(ii) ¢ and ¢ are strongly logically equivalent if for every (A, e), et (p) = eT ().
Notation: ¢ Hg 1.

Remark 3.24. ¢ H; ¢ iff (pEs ¢ and ¢ B ).
Remark 3.25. (i) o Fs ¢ iff E o — 1.
(i) ¢ Hs ¥ iff F o < 0.

Proof. (i) ¢ Fs ¢ iff for every e, et (p) C et (¢) iff for every e, F (¢ — 9)[e] (by Proposition
3.8.(ix) iff F ¢ — 9.

(ii) ¢ Hs 1 iff for every e, et (p) = et (¢) iff for every e, F (¢ <> 9¥)[e] (by Proposition 3.8.(x))

iff Ep <.
O
Remark 3.26. (i) If ¢ Fs ¢, then E ¢ implies E 1.
(ii) If ¢ Bs 1, then F ¢ iff E .
Proof. By Remark 3.25 and Remark 3.14,(iv),(v). O
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3.3.4 Relations between the three notions
Proposition 3.27. (i) ¢ F, ¢ implies ¢ F; ¢ implies ¢ Fq 1.
(i1) @ Hs 1 implies ¢ H; ¢ implies ¢ Hy 1.

Proof. (i) ¢ Fs 1 implies ¢ F; ¢: Let (A, e) be such that A F ple]. We have to prove that
A E 9Yle]. As A E ¢le], we have that et(¢) = A. Since et (p) C eT(¢), it follows that
et (1) = A, hence A E 9]e].

@ F; 1 implies ¢ F4 9: Let AF ¢ and e be an arbitrary A-valuation. We have to prove that
A E 9le]. Since A F ¢, we have that A F ple]. As ¢ F; v, it follows that A F ¢le].

(ii) Follows immediately from (i).

Remark 3.28. Let x, y be element variables. Then x H; y, hence x Hy y.

Proof. Let (A, e) be arbitrary. Applying Proposition 3.8.(i), we get that (A4, e) is a model of z iff
AE zle] iff |A| =1 iff AE yle] iff (A, e) is a model of y. Thus, z H; y. By Proposition 3.27.(ii), it
follows that = Hy y. O

Remark 3.29. (i) ¢ F, ¢ does not imply ¢ =11 and ¢ Hy 1) does not imply ¢ H; 1.
(1) @ Fi v does not imply ¢ Es ¢ and ¢ By ¥ does not imply ¢ Hs 1.
Proof. Let x and y be two different element variables. We give the following counterexamples.

(i) Let us prove that  Vy Hy  Ay. Let A be arbitrary. Then A E z Vv y iff (for every e,
AE (zVy)le]) iff (for every e, et(zVy) = A) iff (for every e, {e(z)} U {e(y)} = A) iff
|A| = 1, as we can take e such that e(z) = e(y). Furthermore, A F z Ay iff (for every e,
AE (zAy)le]) iff (for every e, eT (xAy) = A) iff (for every e, {e(x)}N{e(y)} = A) iff |A| = 1.

Thus, AFzVyiff AFEz Ay iff |A| =1. Thus, x VyH, z Ay.

Let us prove now that « Vy F x Ay. Let A = {1,2} and e be such that e(x) = 1 and
e(y) = 2. Then et (zVy) = {e(z)} U{e(y)} = A. Thus, AE (zV y)[e]. On the other hand,
et (zny) ={e(x)} N{e(y)} =0, hence AF (x Ay)le].

(ii) By Proposition 3.28, x H; y. On the other hand, x F; y: take an (A,e) such that |A| > 2
and e(z) # e(y). Then *(z) = {e(x)} Z {e(v)} = e* (1)

O

3.4 Sets of patterns
Let I" be a set of patterns.

Definition 3.30. Let (A,e). We say that e satisfies T in A if A E ~v[e] for every v € T.
Notation: AFE T'[e].

Definition 3.31. Let A be a T-structure. We say that A satisfies T or that A is a model of T’
if every A-valuation satisfies I' in A.
Notation: AET.

3.5 Semantic consequence and equivalence for sets of patterns

We extend to sets of patterns the notions introduced in Subsection 3.3.
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3.5.1 Notion 1

Definition 3.32. Let ¢ be a pattern. We say that ¢ is a global semantic consequence of ' if
for every A,

AET implies AFE .
Notation: ' Fg .

This is the definition of semantic consequence from [3].
By letting I' = {1}, we get the notion introduced in Definition 3.17.(i). Hence, we write ¢ F4 ¢
instead of {¢} F4 .

Remark 3.33. (i) 0 F, ¢ iff F ¢.
(i1) If ¢ is valid, then T Ey @.
Proof. (i) 0 E, ¢ iff (for every A, we have that A FE o) iff F .

(ii) Obviously, as A F ¢ for every A.

Lemma 3.34. For all patterns ¢, ¥,
(1) If B4 1, then T Ey ¢ implies T g ).
(i1) If p Hy o, then T Ey ¢ iff T, 2.
(i) TEg oAy iff TEg @ and T Ey ).
(W) TE;p Y iff TE, o= ¢ and T Ey ¢ — ).

Proof. (i) Assume that ¢ F, ¢ and T' F, ¢. Let A be a model of I'. Then A F ¢, as T' F; .
Furthermore, AF 1 as ¢ F4 1.

(ii) It follows from (i) and Remark 3.18.

(iii) We have that

I'ky Ay iff for every model Aof T', AE @ A
iff  for every model A of T and every A-valuation e, AE (¢ A )[e]

iff  for every model A of I" and every A-valuation e, A F ple] and A F v[e]
by Proposition 3.8.(vii))

for every model A of ' and every A-valuation e, A E v[e])
iff  (for every model A of T', AF ¢) and (for every model A of ', A E ¢)
iff I'kgpandI F,.

(

iff  (for every model A of T and every A-valuation e, A E ¢[e]) and
(
(

(iv) Apply (iii).

Definition 3.35. Let A be a set of patterns. We say that

(i) A is a semantic consequence of I' if for every A,
AET implies AF A.

Notation: I' Fg A.

(ii) T and A are logic equivalent if for every A,
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AET iff AEA.

Notation: I' Hg A.

Obviously, by letting A = {¢}, we obtain the notion introduced in Definition 3.32. Furthermore,
for T'= {¢} and A = {¢}, we get the notions introduced in Definition 3.17.

Remark 3.36. T'H, A iff TE; A and AF,T).

Lemma 3.37. (i) Assume that T' 4, A and that ¢ Hy . Then A Ey ¢ implies T g 1.
(i1) Assume that I' Hg A and that ¢ Hg . ThenT' Ey o iff AFEg .

Proof. (i) We have that

AFEg o iff for every model A of A, AE ¢
iff for every model A of A, AE ¢ (as ¢ Hy ¢)
implies  for every model A of ', AF ¢ (as ' F4 A)
iff Ay .
(if) Apply ().
O
Proposition 3.38 (Finite sets). Let I' = {¢1,...,on} be a finite set of patterns. Then I' Hy
{pt AL AP
Proof. Applying Proposition 3.16.(ii), we get that for every A, A F ' iff A E ¢' for every i =
L...,niff AE @' AL A Q™. O

3.5.2 Notion 2

Definition 3.39. Let ¢ be a pattern. We say that ¢ is a local semantic consequence of T" if
for every (A, e),

AETle] implies AFE ¢le].
Notation: T F; .

By letting I' = {¢}, we get the notion introduced in Definition 3.20. Hence, we write ¢ F; ¢
instead of {¢'} F; .

Remark 3.40. (i) O F; ¢ iff E .
(ii) If ¢ is valid, then T E; .

Proof. (i) O E; ¢ iff (for every (A, e), we have that A E ple]) iff (for every A, we have that
AE ) iff E .

(ii) Obviously, as A F ¢[e] for every (A, e).

Lemma 3.41. For all patterns ¢, ¥,
(i) If o Fi 9, then T E; ¢ implies T Fy 1.
(ii) If p By, then T Fp @ iff T Ey 4.
(i) T E o A aff (TE ¢ and T ).
(w) TEro oY iff TE o= Y and T E ¢ — o).

Proof. (i) Assume that ¢ F; ¢ and T F; . Let (A, e) be such that A E T'[e]. Since T F; ¢, we
get that A F ple]. Since ¢ F; v, it follows that A F v[e].
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(i) It follows from (i) and Remark 3.21.

(iii) We have that
T'E oAy iff  for every (A, e) such that A F T'le] we have that AE (¢ A ¢)[e]
iff  for every (A, e) such that A F I'[e] we have that A F ¢[e] and A F [e]
(by Proposition 3.8.(vii))
iff  (for every (A,e) such that A E I'[e] we have that A F ¢[e]) and
(for every (A, e) such that A F I'[e] we have that A F 1[e])

iff Tk pandT F .

(iv) Apply (iii).

Definition 3.42. Let A be a set of patterns. We say that

(i) A is a local semantic consequence of T if for every (A, e),
AET[e] implies AE Ale].
Notation: T E; A.

(ii) T and A are locally logically equivalent if for every (A, e),
AET[e] iff AE Ale].
Notation: T H; A.

Obviously, by letting A = {¢}, we obtain the notion introduced in Definition 3.42. Furthermore,
for T'= {¢} and A = {p}, we get the notions introduced in Definition 3.20.

Remark 3.43. TH, A iff TF A and AE, T).
Lemma 3.44. (i) Assume that T F; A and that o Hy . Then A E; ¢ implies T E; 4.
(i) Assume that T H; A and that o Hy . Then T E; ¢ iff AE; 1.

Proof. (i) We have that
AE; o iff  for every (A, e) such that A E Ale], AF
iff for every (A,e) such that AF Ale], AE
iff  for every (A, e) such that AET[e], AE
i TE Y.

(ii) Apply (i).

ole]
Ve (as o Fi )
Yle] (as T E; A)

U
Proposition 3.45 (Finite sets). Let ' = {¢!,..., 9"} be a set of patterns. Then T H {p' A... A
©"}.
Proof. Applying Proposition 3.16.(i), we get that for for every (A, e), A F T'[e] iff A E pile] for
every i = 1,...,niff AF (p! A... Ap")[e]. O
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3.5.3 Notion 3

Definition 3.46. Let ¢ be a pattern. We say that ¢ is a strong semantic consequence of '

if for every (A, e),
ﬂwep et (7) Cet(p).
Notation: T' Fg ¢.
By letting I' = {¢}, we get the notion introduced in Definition 3.23.
Remark 3.47. (i) 0 Fs ¢ iff E .
(ii) If @ is valid, then T' Eg .

Proof. (i) 0 Fs ¢ iff (for every (A, e), we have that [, cqe™(7) C e (p)) iff (for every (A,e),
we have that A C et (p)) iff (for every (A, e), we have that et (¢) = A) iff E .

(ii) Obviously, as et () = A for every (A, e).

Remark 3.48. For all patterns ¢, ¥,
(i) If o Es 1, then T g ¢ implies T Eg 1.
(ii) If p Bs ¢, then T Eg @ iff T Eg 1.
(iii) Ty o A iff (T Es @ and T E, ).
(iv) TEs; o iff TEs o = and T Eg ¢ — ).

Proof. (i) Assume that ¢ Fs ¢ and that T' &, ¢. Let (A, e). Then () et (v) C e (p) C et (),
hence T" F; 9.

(ii) It follows from (i) and Remark 3.24.

DEs Ay iff for every (Ae), N,cae(7) Cet(p A1)
iff for every (A, e), N,ene™(7) et () Net(y)
iff for every (A e), N en et (v) Cet(p) and N epet(v) et (¥)
(i) iff for every (A e), N en e (v) C et (p) and
for every (A, e), N en e (v) C e (¥)

iff T'kF;eandI F;.

(iv) Apply (iv).

Definition 3.49. Let A be a set of patterns. We say that

(i) A is a strong semantic consequence of T if for every (A, e),

Nt e ) e o).

~verl sEA
Notation: T' E, A.
(ii) T and A are strongly logically equivalent if for every (A, e),
ﬂ’yEF e (1) = Nsea e’ (9).

Notation: T' Hy A.
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Obviously, by letting A = {¢}, we obtain the notion introduced in Definition 3.46. Furthermore,
for ' = {¢} and A = {¢}, we get the notions introduced in Definition 3.23.

Remark 3.50. T'Hy A iff TFs A and AE;T).
Lemma 3.51. (i) Assume that T'Es A and that ¢ Hs ¢. Then A Ey ¢ implies T Eg 1.
(i) Assume that T Hg A and that ¢ Bs . Then T Eg ¢ iff A Eg 4.

Proof. (i) We have that

AFsp iff forevery (Ae) N,cne™ () et (¥)
it for every (Av 6) mryeA 6+ (7) - €+("/)) (as P HG 1/))
iff for every (A, e) ,cret(v) Cet(¥) (asTFs A)
i T, 1.

(i) Apply ().
Proposition 3.52. Let I' = {¢!,...,¢"} be a finite set of patterns. Then T Hy {@* A ... A"}
Proof. For every (A, e),

e =) =" Ane™.

yel’ i=1

3.5.4 Relations between the three notions
Proposition 3.53. T'F; ¢ implies I' &y ¢ implies T Fy .

Proof. T Es ¢ implies T' £, ¢: Let (A, e) be such that A E T'[e], so et (y) = A for every v € T.
Hence, (¢ et(y) = A. AsT Fy o, it follows that et (p) = A, that is A F ¢le].
I'E; ¢ implies I' £, ¢: Assume that A F I' and let e be arbitrary. Then A F I'[e]. Applying now
the fact that T' F; o, we get that A FE ¢le].

O

3.6 Closed patterns

Definition 3.54. A pattern ¢ is said to be a closed pattern if FV () = 0, that is ¢ does not
have free variables.

Let A be a 7-structure.

Proposition 3.55. Let ¢ be a closed pattern. For every A-valuations ey, ea, we have that ef (p) =
e3 (¢). In particular, AF ¢le1] iff AF @lea].

Proof. Apply Proposition 3.9 and the fact that FV (p) = 0. O

Corollary 3.56. Let ¢ be a closed pattern. Then either A& ole] for all e or AH ple] for all e.
Hence, AE ¢ iff AF ¢[e] for one A-valuation e.

Proposition 3.57. Let I' be a set of closed patterns. Then for every pattern ¢, I' By ¢ iff I' By .

Proof. = By Proposition 3.53.
< Let (A, e) be such that A F I'[e], that is A F ~[e] for all v € I". By Corollary 3.56, we get that
AE~forall yel, that is AET. As Tk, ¢, it follows that A F ¢. In particular, AF ple]. O
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3.7 Predicates
Definition 3.58. Let ¢ be a pattern.

(i) If A is a T-structure, we say that ¢ is an A-predicate or a predicate in A if for any
A-valuation e, et (p) € {0, A}.

(ii) ¢ is a predicate iff it is an A-predicate for every T-structure A.
We shall denote by A-Predicates the set of A-predicates and by Predicates the set of predicates.

Proposition 3.59. (i) For every 7-structure A, the set A-Predicates contains L, T and is
closed to —,—,V, A\, <> and to 3x, Ya (for any element variable x). Furthermore, the set
A-Predicates is closed to finite conjunctions and disjunctions.

(i) The set Predicates contains L, T and is to =,—,V, A, <> and to 3z, Vx (for any variable x ).
Furthermore, the set Predicates is closed to finite conjunctions and disjunctions.

Proof.
(i) Let e be an arbitrary A-valuation.

(a) Since eT(L) =0 and e*(T) = A, we have that 1, T € A-Predicates.

(b) If ¢ is an A-predicate, then e (p) € {0, A}, hence et (=p) = A\ e (p) € {0, A}, that
is -y is an A-predicate.

(c) Assume that @!,... p"(n > 1) are A-predicates, so et (p?) € {0, A} for every i =
1,...,n. Then

SN o () if there exists i = 1,...,n such that et (¢%) = ()
[e"(¢") = :
A otherwise,

" T A if there exists i = 1,...,n such that e (%) = A,
Uet ) = :
() otherwise.

Thus, p! A... A" and p! V...V p" are A-predicates.
(d) Assume that ¢, ¥ are A-predicates, so et (¢),e(v)) € {0, A}. Then ¢ A and ¢ V 1.

Furthermore,
0 ifet(p)=Aandet () =0
A otherwise

A if et (p) = e+ (1)
(otherwise.

)

et (o — ) ={

et (p &) :{

Thus, ¢ — ¥, ¢ <> ¢ are A-predicate.

(e) Assume that ¢ is an A-predicate. Then, for every a € A, (exsa)’ (@) € {0, A}, hence

et (3z.¢) = Usea (e;,?Ha)—Ir () € {0, A} and et (Vz.p) = Nyea (ewHa)Jr (p) € {0, A}.
Thus, Jz.¢ and Vz.p are A-predicates.

(ii) Obviously, by (i).
O

Proposition 3.60. Let T be a set of closed predicates (that is, closed patterns that are predicates).
Then for every pattern ¢, I' Eq ¢ iff ' ¢ iff I Eg .

Proof. I' By ¢ iff I' F; : By Proposition 3.57.
T'E ¢ iff T Es p: <= By Proposition 3.53.
= Let (A, e). We have the following cases:
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(i) There exists 79 € I' such that e*(y9) # A. Then e (y9) = 0, so ,cp e () =0 C e™(p).
Thus, I' k4 .

(ii) e (y) = A for all v € T, hence A £ T'le]. Since I' F; ¢, we get that A F ¢le], that is
e*(p) = A. We have got that (), et (7) = A =e*(p). Thus, ' F; .

O

3.8 Tautologies
Let A be a T-structure.

Definition 3.61. A propositional A-evaluation is a mapping F : Pattern — 24 that satisfies for
any patterns p, 1,

(i) F(L) =
(i) F(p = ) = Ca(F(p) \ F()).
Lemma 3.62. Let F' be a propositional A-evaluation. For any patterns ¢,
(i) Flp— ¢) = CaF(p)UF(Y).
(i) F(T) =
(iii) F(—p) = CaF(p).
(i) F(p V) =F(p)UF(1).
(v) Flp Ap) = F(p) N F(Y).
(vi) F(p <> 1) = Ca(F(p)AF(¢)).
Proof. Replace et with F in the proof of Proposition 3.6. O
Lemma 3.63. Let F be a propositional A-evaluation. For any patterns p,i,
(1) Flp =) = Adff F(p) € F(¥).
(ii) F(p 1) = A iff F(p) = F(¢).
Proof. Replace e™ with F' in the proof of Proposition 3.8.(ix), (x). O
Proposition 3.64. Let e be an A-valuation. The mapping
Voa: Pattern — 2%, V. 4(p) = ¥ ()
is a propositional A-evaluation.
Proof. We have that
(1) Veall)=ef(L)=0
(i) Vealo =) =e"(p =) = Cale () \ e" () = Ca(Ve.alp) \ Vea(¥)).
O

Definition 3.65. A pattern ¢ is a tautology if F(p) = A for any 7-structure A and any propo-
sitional A-evaluation F'.
Notation: F! ¢

Proposition 3.66. Any tautology is valid.

Proof. Assume that ¢ is a tautology and let (A, e). Since, by Proposition 3.64, V. 4 is a proposi-
tional A-evaluation, we have that V., 4(p) = A, that is et (¢) = 4, so A E ¢le]. O
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3.8.1 Examples of tautologies and tautological equivalemces

Proposition 3.67. The following are tautologies, hence valid, for all patterns ¢, ¥, X,

PP, (18)
PV oo, (19)
oA, (20)
Vi Vo, (21)
oAb Ao, (22)
=V, (23)
eAp =, (24)
1L — o, (25)
PV e, (26)
(= (W —=x) < (@AY = X), (27)
(= (= x)) < (= (p— X)), (28)

Proof. Let A be a -structure and F' be an propositional A-evaluation.

(18): We have that e (p) = et (¢), hence, by Lemma 3.63, F(p + ¢) = A.

(19): We have that F(p V ¢) = F(p) U F(p) = F(p), hence, by Lemma 3.63, F(pV ¢ <> ¢) = A.

(20): We have that F(p A @) = F(¢) N F(p) = F(p), hence, by Lemma 3.63, F(p < p Ap) = A.

(21): We have that F(o V¢) = F(p) UF(¢) = F(¥) UF(¢) = F(¢ V ¢), hence, by Lemma 3.63,

FleVy <y vy =A

(22): We have that F(o A1) = F(yp)
PAY P Ap) = A

D

F(y) = F(y) N F(¢) = F(¢ A ¢), hence, by Lemma 3.63,

F(
23

(23): We have that F(p) C F(¢)UF(¢) = F(e V), hence, by Lemma 3.63, F(p — ¢ V1)) =
(24): We have that F(p Ay) = F(¢) N F(y) C F(p), hence, by Lemma 3.63, F(p A1) — @) = A
(25): We have that F(L — p) = Ca(F(L)\ F(p)) =C (@\F( ) =Cal = A.

(26): We have that F(oV —p) = F(p) U F(-p) = F(p) UCAF(p) = A.

(27): We have that

Flo—= (¥ = x)) =CaF(p) UF(¢p = x) = CaF(¢) U(CaF () UF(x))
— (CaF(p) UCAF (@) UF(x) "2 Ca(F(p) N F(1)) U F(x)
=CaF(p ANY)UF(x) = F(e ANy = x),

hence, by Lemma 3.63, F((¢ — (¥ = x)) < (0 A = x)) = A.
(28): We have that

Flo— (= x) 2 Flo A= x) = CaF (o A ) UF(x)
=CaF(p ANY)UF(x) as F(pAy)=F(¥Ap) by (22)

:FWA@%xﬂ@FW—WW%M)

3.9 Change of A-valuations

Notation 3.68. For any distinct element variables x,z and any a,b € A, we define a new A-
valuation ez q b as follows: for allv € EVar and all V € SVar,

e(v) ifv#xzz
eosazsb(V)=eV),  essa=s(v) =% a ifv=x (29)
b ifv=z

It is obvious that €z ya,256 = (Cxsa) sy = (€258) s
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Notation 3.69. For any distinct set variables X,Z and any B,C C A, we define a new A-
valuation ex B, z—c as follows: for allv € EVar and all V € SVar,

e(V) yV#AX,Z
exeB,z—c(v) = e(v), ex—B,z—c(V) =< B if V=X (30)
C if V=2
It is obvious that ex B zc = (ex=B) 70 = (€200) xisi-
Notation 3.70. For any element variable x and set variable X and any a € A, B C A, we define

a new A-valuation ey x—p as follows: for allv e EVar and all V € SVar,

e(V) fV#£X
B ifV =X

e(v) ifv#x

a ifv==x (31)

rsa,xB(V) = { ersa,x—p(V) = {

It is obvious that ezrya, x50 = (€zsa) xsp = (EX>B) e

3.10 Substitution
3.10.1 Element variables

Proposition 3.71. Let ¢, 6 be patterns and x be an element variable such that x is free for § in
. Assume that

(*) A is a T-structure such that for every A-valuation e, e*(8) = {c.}.

Then for every A-valuation e,

" (Subfie) = (ense.)” (¢)-

Proof. If © ¢ FV (p), then Subffy = ¢ and e = ey, , by Proposition 3.9. The conclusion is
obvious.

We prove by induction on patterns that for all patterns ¢ such that 2 € FV(p), the following
holds:

for every A-valuation e, et (Subffe) = (exse.) ™ (¢).
We use the definition by recursion on paterns of Subfj ¢, given by Remark 2.31.

(i) ¢ is an atomic pattern. Since x € FV (p), we have that ¢ = x € EVar. Then Subffo =
d. For every A-valuation e, we get that e™(Subffy) = et(d) = {c.}. Furthermore,

(emr—ma)Jr (p) = (ex'—>ce)+ (z) = {ce}

(ii)) ¢ = -x. Then x € FV(v), x € FV(x) and z is free for ¢ in ¢, x. Let e be an A-valuation.
We can apply the induction hypothesis for ¢ and x to get that et (SubfF) = (egc._,ce)Jr ()
and et (Subfx) = (exse.)’ (x). It follows that

e (Subf§p) = et (Subfip - Subfix) = et (Subfip) » e™ (Subfix)
= (6:0—>ce)+ (¥) x (e:che)+ (x) = (ex'—>ce)+ (¥-x)= (eac'—me)+ ().

(iii) ¢ =¥ — x. Thenz € FV(v), z € FV(x) and  is free for § in ¢, x. Let e be an A-valuation.
We can apply the induction hypothesis for ¢ and x to get that et (SubfFy) = (egc._,ce)Jr (W)
and et (Subfx) = (ezse.)” (x). It follows that

et (Subffip) = e (Subfih — Subfix) = Ca (" (Subfi ) \ e (Subfix))
= Cat ((eome) " )\ (ame) T (1)) = (eamse) T (0 = X)
= (ew'—we)+ (¢)-
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(iv) ¢ = 3z.p. Since € FV(p), we have that « # z. Then x € FV(¢) and z is free for § in .
Let e be an A-valuation. We get that

et (Subfyp) = et (3z.Subfiv) = | (e205a)" (Subfin)

a€A

+
= ((62’—)@)9:»—>ce . ) (1) by the induction hypothesis for ¢ applied to €, ,q.

As x is free for § in ¢ and x € FV (¢), it follows that z ¢ FV(§). Hence, by Proposition 3.9,
et (8) = (ez2a) T (8), 80 ce = e, . It follows that

e+(5ubfg7<p) = ((ezHa)zHcﬁ)+ (Qp) = U (ezHce’ZHa)Jr (1/}) = U ((echE)zHa)Jr (1/})

a€cA acA

= (61'—>ce)+ (),
since x # z, hence (€xse, ),y = (€zsce ) psa = Emrsee,zira-
(v) ¢ = uX.9p. Then z € FV(¢) and « is free for § in ¢. Let e be an A-valuation.

e (Subfip) = ¢ (uX.Subfiv) = (V{B C A (exern)” (Subfiv) C B}

I
~N{Bcal(exm,,) W e
by the induction hypothesis for v applied to ex.. 3.
As z is free for § in ¢ and x € FV (), it follows that X ¢ FV (§). Hence, by Proposition 3.9,
e (8) = (exi) (8), 50 0 = ey Thus, ((exsp) )+ () = ((ex8)mse ) ()
It follows that

xHCEX»—)B

e (Subfip) = ﬂ {B CA| ((6X0—>3>w.—>ce)+ ()
=N{B Al (o) xn) " @)
= (ease.) " (9).

N

B

j

N

As an immediate consequence of Proposition 3.71, we get the following.

Corollary 3.72. Let ¢ be a pattern and x,y be variables such that x is free fory in p. Then for
every T-structure A and every A-valuation e,

z +
€+(S’U,bfy 4,0) = (e:z:>—>e(y)) (QO)
Proposition 3.73. Let ¢ be a pattern and z, y be variables such that x is free fory in . Then
F Subf, ¢ — 3r.0, (32)

FVr.o — Subfye. (33)

Proof. Let (A, e). Apply Corollary 3.72 to get that e*(Subf{fcp) = (egc,_,e(y))+ (¢). It follows that
(34): € (22 (1)) = (amsen) (#) € Unea (amsa) ™ () = €* (Ga-0).
(35): € (22 (1) = (Eamsen)” () 2 Nuga (arsa) ™ () = ¥ (Ya.0). O
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Bounded substitution
Proposition 3.74. Let ¢ be a pattern and x,y variables such that y does not occur in ¢. Then
F ¢ <> Subbp.

Proof. 1f x = y, then obviously Subby¢ = ¢, hence F ¢ > Subbyp. Assume that z # y.
Let A be a 7-structure. We prove by induction on ¢ that

for every A-valuation e, et (¢) = et (Subbj ).
We use the definition by recursion on paterns of Subby ¢, given by Remark 2.39.
(i) ¢ is an atomic pattern. Then Subbj¢ = ¢, so et (p) = et (Subbjp) for every A-valuation e.

(ii) ¢ = ¢ - x. Let e be an A-valuation. By the induction hypothesis for ¥, x, we have that
et (¥) = e (Subbyv) and et (x) = e (Subb; x). It follows that

et (Subbyp) = et (Subby (v) - Subb(x)) = e (Subbyv) « e (Subbyy) = e (1) x ™ (x)
=e (¥ x) =€ (p)

(iii) ¢ = ¥ — x. Let e be an A-valuation. By the induction hypothesis for ¥, y, we have that
Y) = et (Subbjyp) and et (x) = e (Subb; x). It follows that

et (
et (Subbjp) = e (Subbjh — Subbjx) = Cae™ (Subbji \ e (Subbiy)) = Cale™ (¥) \ e (x))
=e (Y = x) =" ().

(iv) ¢ = Jz.¢p. We have two cases:

1.  # z. Then
et (Subbip) = et (Fz.Subbih) = | J (e2sa) ™ (Subbie))
acA
= U (eZHa)+ (1) by the induction hypothesis for ¢ applied to e,.q
acA

= e (p).

2. x = z. Then
et (Subblp) = et (Jy.Subfy (Subbjv)) = | (eyma) ™ (Subfy (Subbin)) .

a€A

As z # y and y does not occur in ¢, we have that z is free for y in Subby, by Proposition
2.41. We can apply then Corollary 3.72 to get that

(eysa)” (Subfy (Subbyy))) = ((ey'—ﬂl)zt—)ey,_,a(y))-i_ (Subbyy)) = ((ey»—m)z._m)Jr (Subby))
= <(em'—>a)y.—>a)+ (Subbjp) = (ezmsa)t (Subbjp)

since y does not occur in ¢, so y ¢ FV (S’ubbzw)7 hence we can apply Proposition 3.9. It
follows that

et (Subbyp) = U (exrsa)” (Subbip)
acA
= U (ezsa)” (¥) by the induction hypothesis for ¢ applied to ez q
acA

(

=e"(p).
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(v) ¢ = uX.¢p. Then
et (Subbip) = eF (uX.Subbie) = {B C Al (exmn)t (Subbl) C B}

={BCAl(exmn)" (@) C B]
by the induction hypothesis for ¥ applied to ex.p

= e (p).
O
Free substitution
Proposition 3.75. Let ¢ be a pattern and x,y be variables. Then
Fpa(y) = .0, (34)
EVr.p — o (y). (35)

Proof. We have the following two cases:
i) x is free for y in . Then ¢, (y) = SubfZy, so we apply Corollary 3.73 to get the conclusion.
2 ¥ y®

(ii) @ is not free for y in . Then ¢, (y) = Subf;0, where § = Subb¥yp, with z a new variable,

z

z ¢ Var(p)U{y}. Since z is free for y in 6, we can apply Corollary 3.73 (with ¢ = ) to get
that
E@.(y) = 2.0 and EVz.0 — ¢.(y). (36)

Furthermore, by Proposition 3.74, we have that
EoO <+ . (37)

Let (A,e). Then

et (2 (y)) (326) et (32.0) = | (exsa) ' (0) &0 U (eamsa) () = e (F2.90),

a€A acA
el D 8 = ) o) 0) D () (o) () = e (W),
a€A acA

Hence, A FE (v (y) = Jz.9)[e] and AE (V.o — ©.(y))[e].

3.10.2 Set variables

Proposition 3.76. Let p, § be patterns and X be a set variable such that X is free for § in .
Then for every T-structure A and every A-valuation e,

et (Subfs @) = (6X>—>e+(5))+ (¢)-

Proof. If X ¢ FV (), then SubfiXp = ¢ and e = exiset(s5); SO the conclusion is obvious.
Let A be a 7-structure. We prove by induction on patterns that for all patterns ¢ such that
X € FV(yp), the following holds:

for every A-valuation e, et (Subf:Xp) = (eXHe+(5))+ ().
We use the definition by recursion on paterns of Subf;X ¢, given by Remark 2.43.
Assume in the sequel that X € FV (). The proof is by induction on ¢.
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(i) ¢ is an atomic pattern. Since X € FV(p), we have that ¢ = X. Then Subfi*yp = 4. For
every A-valuation e, we get that et (Subf¢) = et (). Furthermore, (eXHeJr((;))+ (p) =

(exmer) " (X) =€t (d).

(ii) ¢ = ¢ - x. Then X € FV(¢), X € FV(x) and X is free for 0 in ¢, x. Let e be an A-
valuation. We can apply the induction hypothesis for 1) and x to get that e™(Sub f(;X Y) =

(eXHe+(5))+ () and et (SubfiXx) = (eX,_,e+(5))+ (x). Tt follows that
e (Subfi ) = e (Subfi - Subfix) = et (Subfs ) x e (Subf x)
= (exrer () () * (exrer () (0 = (exmer(s) " (- X)
= (eXi—>e+(5))+ ().

(iii) ¢ =¥ — x. Then X € FV(¢), X € FV(x) and X is free for § in 9, x. Let e be an
A-valuation. We can apply the induction hypothesis for ¢ and x to get that et (Subf{¢) =

(exset () (¥) and et (Subfx) = (exisers) (x)- It follows that
e (Subfi @) = et (Subf — Subf{x) = Ca (e (Subfi ) \ e (Subfs x))
=Cy <(€XHe+(5))+ ¥\ (eXI—>e+(5))+ (X)) = (eXl—>e+(5))+ (¥ = x)
= (eXl—>e+(5))+ ().
(iv) ¢ = Jz.1p. Then X € FV (1) and X is free for § in . Let e be an A-valuation.
" (Subfi o) = et (Bw.Subfi ) = | (earsa) ™ (Subfi¥e)

a€A

= U ((exHa)X._)(emHa)Jr(é))-i_(dJ)

a€A
by the induction hypothesis for ¥ applied to ez q.

As X is free for § in ¢ and X € FV (¢), it follows that « ¢ FV(§). Hence, by Proposition
3.9, et (8) = (exsa)™ (9).
It follows that

e+(Subf5X<p) = U ((ex»aa)xﬁeﬂg))%_(w) = U ((eXH€+(5))a;»—>a)+ (%)

acA acA
= (eXr—>6+(5))+ (3z.9)

(v) ¢ = uZ.ap. Since X € FV(p), we have that X # Z. Then X € FV(¢) and X is free for §
in 9. Let e be an A-valuation. We get that

et (Subf) = et (uz.SubfFv) = ({B S Al (ez5)" (Subfiv) C B

-N{p Al (Comxnnio) @8]

by the induction hypothesis for v applied to ez, 5.

As X is free for § in ¢ and X € FV(yp), it follows that Z ¢ FV(§). Hence, by Proposition
3.9, et () = (ez)" (6). Tt follows that

et subfe) = ({B a1l ((ermn) ) @) B

= n {B cA| ((eXHe+(5))ZHB)+ (%) € B}
= (exer®) " (124) = (exmer)” (9)-
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As an immediate consequence of Proposition 3.76, we get the following.

Corollary 3.77. Let ¢ be a pattern and X,Y be variables such that X is free for Y in ¢. Then
for every T-structure A and every A-valuation e,

et (Subf @) = (exmeryy)  (9)-

Bounded substitution

Proposition 3.78. Let ¢ be a pattern and X,Y wvariables such that'Y does not occur in p. Then
E @ < Subbsys .

Proof. If X =Y, then obviously Subbyf¢ = ¢, hence F ¢ <> Subbss . Assume that X # Y.
Let A be a 7-structure. We prove by induction on ¢ that

for any A-valuation e, et (p) = et (Subbp).
We use the definition by recursion on paterns of Subbss¢ given by Remark 2.48.

(i) ¢ is an atomic pattern. Then Subby¢ = ¢, hence et (p) = et (Subbi¢) for every A-
valuation e.

(ii) ¢ = v - x. Let e be an A-valuation. By the induction hypothesis for ¥, x, we have that
et (¥) = et (Subb¥y) and et (x) = et (Subbyx). It follows that

et (Subby ) = e (Subby () - Subby (x)) = ™ (Subby ) x €™ (Subby ) = et () x ¥ (x)
=e"(¥-x) =€ (p).

(iii) ¢

1 — x. Let e be an A-valuation. By the induction hypothesis for v, x, we have that
) =

et (v (Subez/J) and eT(x) = et (Subbyf x). It follows that

et (Subby @) = e (Subby b — Subbyyx) = Cae™ (Subbysah \ e (Subby 1))
=Calet (W) \ e (X)) =" (¥ = x) = T ().

(iv) ¢ = Jz.4p. Then

et (Subby ) = et (Fr.Subby ) = (1) (€arsa) " (Subbsie)

acA
= m (ewﬁa)*_ (¢) by the induction hypothesis for ¢ applied to ezsq
a€A
= e (p).

(v) ¢ = uX.1p. We have two cases:
1. X # Z, then

et (Subby ) = e* (uZ.SubbF ) = {B C A (ezmp)” (Subb¥v) C B}
=N {BCAllcrn)® @ cB}

by the induction hypothesis for ¢ applied to ez, .5

=e"(p).
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2. X = Z. Then
et (Subby ) = e (LY. Subfys (Subbs v)))
—{BCAlleven)" (Subfif (Subb¥v)) € B}

As Y does not occur in v, we have that that X is free for Y in Subbss o1, by Proposition
2.50. We can apply then Corollary 3.77 to get that

(evmsm) ™ (Subf (SubbF ) = ((evesn)xisey . pivy)  (Subbv)
= ((eymsB)xsp) " (Subbs ) = (exosp)™ (Subbs )

since Y does not occur in ¢, so Y ¢ FV (Subb{fd)), hence we can apply Proposition 3.9. It
follows that

et (Subbe) = ) {B C A (exmn)” (Subbie) C B}

=N{BCAl(exon) (@) C B}
by the induction hypothesis for ¢ applied to ex,.p

=" (o).

3.11 Semantics of v

Proposition 3.79. For every pattern ¢ and set variable X,

" wX9)=J{P Al (exn) (v) 2 D}.
Proof. As vX.p = ~uX.~SubfX ¢, we get that
et (WX.p) = et (~uX.~Subfyp) = Caet (uX.~Subf Xy p)
= Ca{B Al (exn)” (subfXy)) € B}
oy {CAB | B C A such that Cs (exmsp)t (Subf¥e¢)) C B}

= U {C’AB | B C A such that (ex_p)" (SubfXyp)) D C’AB}.

As, obviously, X is free for =X in ¢, we have by Proposition 3.76 that

(exsn) " (5ubf%0) = ((€x08)xsex oyt (ox)) (@) = ((ex08)xis0,8) " (9)
— (exmonn)t (9).

It follows that
et (vX.p) = U

{C’AB | B C A such that (exc,5)" () D C’AB}
~U{pcal(ex-n) (v 2D}
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3.12 Least and greatest unique fixpoints

Let ¢ be a pattern and X be a set variable. Define, for every (A4, e), the function
Ae Ae
Fix 2t =520 FIN(B) = (exen)’ () (38)

Proposition 3.80. (i) If ¢ is positive in X, then for all (A, e), Fﬁ’)‘z is monotone increasing,
that is: for all B,C C A,

B CC implies ]:if((B)Q-Fé}?(C)-

(i1) If ¢ is negative in X, then for all (A,e), ]-'ﬁ’f( is monotone decreasing, that is: for all
B,C C A,
S A, A,
BCC implies ]-'%f((B) D .7:%)6((0).
Proof. We prove (i) and (ii) simultaneously by induction on ¢. We use Remarks 2.28, 2.29.
(a) ¢ is atomic and ¢ # X. Then ¢ is both positive and negative in X. As X ¢ FV (p), we have
that (ex5)" () = (exmc)™ (¢) = e (¢). It follows that F'¢(B) = Fox(C) = et ().
(b) goj X. Then ¢ is positive in X, hence ]-'é’)e((B) =(exsp) (X)=BCC=(exmc) (X)=
Fox(C).
(€ p=1-x
(i) Assume that ¢ is positive in X. We have that both v, x are positive in X. We can apply
the induction hypothesis to get that Fqﬁ’f((B) C fﬁ’;(C) and .7:;:’;(3) - fé’;(C). It
follows that
Fox(B) = (exean)" (4 X) = (exen) " () * (exen) " (X) = FY5(B) * FLx(B)

rd Fi (O« FL(C) = (exme) ™ () * (exso) ™ (0) = (exme) T (¥ )

A,e
= Fox(C).

(ii) Assume that ¢ is negative in X. We have that both ¢, x are negative in X. We
can apply the induction hypothesis to get that ]-':;;(B) D) ff;(C) and ]-';(4)?(3) )
]:;(4)? (C). Tt follows that

Fox(B) = (exn) " (¥ X) = (exesn) " () x (exp) T () = FUE(B) x X (B)

S FAC) « FA(C) = (exme) () % (exne)” () = (exesc) (1-X)

= F(0).
(d) ¢=1—=x
(i) Assume that ¢ is positive in X. We have that 1 is negative in X and x is positive
in X. We can apply the induction hypothesis for y to get that ]-';(4)? (B) C .7:)“(4)?(0)
and the induction hypothesis for ¢ to get that fﬁ}e((B) 2 ]—"ﬁf((()), 0 C’A]-"ﬁ’;‘;(B) -
CaF; % (C). Tt follows that
FL%(B) = (exon)™ (0 = X) = Ca (exon) " () Ulexmn)™ ()
= CuF 5w (B)UFL5(B)
C CaF g (C)UFL(0)
= Calexmc) () U(exmo)™ (x) = (exme) ™ (¥ = x)
= FI5(0).
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(ii) Assume that ¢ is negative in X. We have that 1) is positive in X and x is negative
in X. We can apply the induction hypothesis for x to get that ]-';(4)? (B) 2 .7-';:}?(0)
and the induction hypothesis for 1 to get that ff; (B) C fﬁ’;(C), =) C’Aff”;(B) »)
CAF$§ (C). Tt follows that

fﬁ}e((B) = (exsn)” (¥ = X) = Ca(exmn)” () U (exmn)’ (x)
= CuF e (B)UFL(B)
D CaF % (CYUFLE(O)
= Ca(exmo)" () U (exme) (X) = (exme)™ (¥ = x)
= FI%(0).
(e) ¢ =3z
(i) Assume that ¢ is positive in X. We have that 1 is positive in X. It follows that

FI%(B) = (exen)" Q) = | (exmn)pna) " @) = | (eama) o) T (1)

acA a€A
Aezsa Aezisa
=UFixem e | Free ()
a€cA a€cA

by the induction hypothesis for ¢ applied to ez .4
= U (Cama)xmse)™ @) = | (exo0)aa) T (@) = (exmse) ™ (G20

a€A acA
A,
=7, x(0).

(ii) Assume that ¢ is negative in X. We have that ¢ is negative in X. It follows that

Fox(B) = (exen)” Gz)) = | (exon)und) ™ (9) = U (omsa) xsp) ™ (9)

acA acA
A?‘TEP—?G vA7‘(1H—)(l
= JFtem 2 | Fiee©)
a€A acA

by the induction hypothesis for ¢ applied to ez .4
= U (eoma)xne)™ @) = [ (exn0)ma) (@) = (exme)t )

a€A acA
A,
=F x(C).

(f) ¢y =pZa. If Z = X, then ¢ is both positive and negative in X. As X ¢ FV(yp), we have
that (ex—n)" (¢) = (exmc) ' (9) = e* (). Tt follows that F'¢ (B) = Fog(C) = et (p).
Suppose that X # Z.

(i) Assume that ¢ is positive in X. We have that v is positive in X. It follows that
FLLB) = (exorn) (nZ.0) = ({P S Al ((ex28) 5p) " () € D}

=({D Al ((zon)xnp) @) €D} =({D S A| Fl70(B) € D}

c{pcalrierc) cpy,

as, by the induction hypothesis for ¢ applied to ez, p, we have that Fqﬁ}e(ZHD(B) C
FZ7P(C), so Fii# P (C) € D implies F;,'g? " (B) C D, hence

{D CA|Fler(0) C D} c {D CA|Fier P (B) C D}.
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Thus,

Fasm c{pcalriz ) c b} =N{P <Al ((zp)xne) (¥) € D}
~N{P Al (exnc) )™ @) € D}
= (exmo) " (WZ.4) = FL(O).

(ii) Assume that ¢ is negative in X. We have that ¢ is negative in X. It follows that

FA5B) = (exosn)” (uZ4) = ({D S Al ((exe8)20,0)" (¥) € D
-N {D CA|((ezmp)yp) @) C D} -N {D CA|Fler(B) C D}
2N {pcalFiyr©cDpy,
as, by the induction hypothesis for ¢ applied to ez, ,p, we have that Flﬁ’;ZHD(B) B)
flﬁf(Z*’D(C’), s0 Flﬁf(z”D(B) C D implies Fj,’)‘zz”D(C) C D, hence
{pca|Fizrmcpyc{pcalFier©cp}.

Thus,

Fi@) 2 (D a7l e D} = ({D S Al () x00)" () € D}
=N{PCal(exuc)zn) @) c D}
= (exs)" (u24) = FI5(O).

O

As a consequence of Knaster-Tarski Theorem B.2, it follows that if ¢ is positive in X, then .7-';4 v

has a unique least fixpoint u}':: v and a unique greatest fixpoint uf:: v, given by:

nFox =[WBCA|F (B C By =({BC Al (exmn)" (9) € B},
v =\UBCAIBCF(B)} = {BCAIBC (exan) (9)}
Furthermore, by Definition 3.5.(viii) and Proposition 3.79, we get that
fAX =eT(uX.p) and VFAX =et(vX.p). (39)
Thus,

Proposition 3.81. Let ¢ be a pattern and X be a set variable such that ¢ is positive in X. Then,
for every (A, e),

. + +
(Z) (6X>—>e+(HX.Lp)) (90) =et (.UJXSD) and (eXt—>e+(VX.Lp)) (‘)0) = 6+(VX'()0)‘
(ii) For every B C A such that (exp)" (p) = B,

e (uX.9) C B Cet(vX.p).
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3.13 Equivalences, logical consequences, validities

Proposition 3.82. For all patterns ¢, ¥, X,

Fo oo, (40)
Epeo iff Ey e o, (41)
Epwand Ey < x implies FEp<+x, (42)
Eop—Yand Ev—x implies Ep—x. (43)

Proof. (40): It follows by (18) and Proposition 3.66.

(41): We have that E ¢ <+ v iff AFE (p <> 9)[e] for every (A, e) iff eT(p) = e (¥) for every (A, e)
iff et () = et (p) for every (A, e) iff AE (¢ <> p)[e] for every (A, e) iff E 1 <> ¢.

(42): Let (A,e). Then A E (p < 1)[e], hence et () = eT (). Furthermore, A F (3 < x)[e],
hence e™ () = eT (). It follows that e () = e (x). Thus, AF (¢ < x)[e].

(43): Assume that F ¢ — ¢ and F ¢ — x. Let (A,e). Then A E (¢ — v)[e], hence et (p) C e™(¢).
Furthermore, A F (v — X)[e], hence e (¢) C et (x). It follows that e™(p) C et (x). Thus,
AE (¢ = x)[e]- O

Proposition 3.83. For any pattern ¢ and any variable x,

EVz.p — Jz.p, (44)
EVz.p— o, (45)
F o — .o, (46)
E dr.z, (47)
EVz.o iff Ep (48)
Proof. We apply Proposmon 3.8.(ix).
(44): Let (A,e). Then ¥ (v2.¢) = (Vyeq (€asa)® () € Upen (easa) (9) = e+ (3.0).
(45): Let (A, e). Then ™ (Va.0) =) A( )T () C (Came(@) () = et ().
(46): Let (A, e). Then et (p) = (ezHe(m)) () € Upen (eamsa)™ (p) = et Fa.p).
(47): Let (A,e). Then e (3z.2) = Uyen (easa)’ (z) = Useafal = A. Thus, AF (3z.7)[e].
(48): By Proposition 3.12.(viii). O
Proposition 3.84. For any pattern ¢ and any variable x,
Edrpoe o ifzé¢ FV(p), (49)
EVr.o <o ifzd FV(p). (50)

Proof. We apply Proposition 3.8.(x). Let (A, e). As = ¢ FV(p), we can apply Proposition 3.9 to
get that (eza)’ (@) = et () for any a € A.

(49): We have that et (32.¢) = U, 4 (€ma) ™ (¢) = Unea e (9) = e ().
(50): We have that et (Vz.0) =\ ca (€xsa)™ (¥) = Noea et (@) = et (p). O

3.14 Rules
Let I" be a set of patterns.

3.14.1 k,

Proposition 3.85. For all patterns ¢, ¥, X,

Pk, pandTE, o =Y = TE. (51)
F'rsp—=vYandlTFEsp - x = TFEsp—x (52)
FEspnp—=x = TFEo— (¥ —x) (53)

;o= (W—=x) = TR oAy X (54)
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Proof. Let (A, e).
(51): Assume that T' s p and T' s ¢ — . Then (), cpet(v) C et (p) and ), cpet(v) Cet(p —
), hence () et () C et (p) Net (¢ — ). Remark that
et(p)net(p =) =e"(9) N (Cact(p) UeT(¥)) = (e"(p) N Cac™ () U (e (p) N (¥))
=0U (et(p)Net(¥)) =et(p)net (v) Cet(y).

Hence, (,cp et (7) C e™ (), that is I' F, .
(52): Assume that T' Fy ¢ — ¢ and ' Fs ¢ = x. Then (\,cpet(v) C ef(p — ¢) and
Myere®(v) et (¥ — x), hence (N cpet(7) C et (@ — ¥)Net (¢ — x). Remark now that

etp—=P)net (¥ —=x) =Cale™ () \ e () NCale" () \ e (x))

(135)

e\ U @)\t 0

C Ca(e () \ e () by (132) and (140)

= e (p = Xx)-
(53), (54): By (27) and Remark 3.25.(ii), we have that ¢ — (¢ — x) Hs ¢ — (¥ — x). Apply
now Remark 3.48.(ii). O
3.14.2 &

Proposition 3.86. For all patterns ¢, ¥, X,

F'k,pandTE o=y = TFEY (55)
TFip—=YandTEYv—x = TFEFe—ox (56)
oAy —x = TFRe—(@—x) (57)

o= @W—=x) = TFReAP—=X (58)

Proof. Let (A, e) be AETe].

(55): Assume that T' F; o and T' E; ¢ — ¢. Then A E ¢le] and A E (p — ¢)[e], hence
Aet(p) C et (v). Tt follows that et (1)) = A, hence A F v]e].

(56): Assume that I'F; ¢ — ¢ and T'F; ¢ — x. Then AFE (¢ — v¥)[e] and AFE (¢p — x)[e], hence
et(p) C et () and et (1) C et (x). It follows that e™(p) C e (x), so AE (p — x)[e]-

(57), (58): By (27) and Remark 3.25.(ii), we have that ¢ — (¢ — x) Hs ¢ = (¢ — x), hence, by
Remark 3.27.(ii), ¢ — (¥ — x) Hi ¢ = (¥ — x). Apply now Remark 3.41.(ii) O

3.14.3 F,
Proposition 3.87. For all patterns ¢, ¥, X,

F'FgpandlF, o= = TRy, (59)
F'Egp—=vandTE, v —>x = TFEp—x, (60)
LEgoANYp = x = TFEio— (¥ —x), (61)

o= W—=x), = TFE A=Y, (62)
F'Eao—=v = TEzp—=v ifecé¢ FV(Y). (63)

Proof. Let A be such that AET.

(59): Assume that I' F; ¢ and ' F; ¢ — 9. Let e be an A-evaluation. Then A F ¢le] and
AE (o= )[e], s0 A=eT(p) Cet(y). It follows that et (¢)) = A, hence A E [e].

(60): Assume that I' E; ¢ — ¢ and I' F; ¢ — x. Let e be an A-evaluation. Then A E (¢ — 1)[e]
and A F (1 — x)[e], hence e (p) C et (1)) and e () C e (x). It follows that e™(¢) C e (x), so
AFE (o = x)[el.
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(61), (62): By (27) and Remark 3.25.(ii), we have that ¢ — (v — x) Hs ¢ — (¥ — x), hence, by
Remark 3.27.(ii), ¢ = (¥ — x) Hg ¢ = (¥ — x). Apply now Remark 3.34.(ii).

(63) Assume that I' F; ¢ — 1. Let e be an A-evaluation. Then for every a € A, AF (¢ —
V) [exsal, 50 (exsa)t (9) C (€rsa)™ (). Since z ¢ FV (1), we have that (essa)’ () = et (¥).
Thus, we have got that for every a € A, (epsa)’ (p) C et (1). It follows that et (Iz.p) =
Usca (em._>a)+ (p) C et (¥), that is AF (Jz.o — ¥)]e].

O
3.15 Application
Proposition 3.88. For all patterns ¢, 9, X,
Fo- L& L, (64)
El-po L, (65)
FpVY) x & e x VY x, (66)
Fx-(eVe) o x-eVx-¢, (67)
FE@z.) ¢ 3xp-y  ifeé¢ FV(Y), (68)
Fy-(Qn.p) o da-o  ifa g FV (). (69)

Proof. Let (A, e).

(64), (65): Apply (5) to get that eT(p- L) = eT(p) xeT (L) = eF(p)x0 = 0 = e™(L) and
ef(L-p)=et(L)xet(p) =0xe*(p) =0=e"(L). ‘

(67): We have that e ((sﬁvl/)) X) = etp Vi) xet(x) = (etp) Uet () x et () 2 (et (p) *
e U (e (@) xet () = et (p-x)Uer (¥ x) =ef(p-x VY- x).

(66): We have that e*()>)< (p V) = et () x et (o V) = et () * (e (p) Vet (¥) 2 (e (0 *

et (@) Uler(x)xer (@) =et(x-p)Uet(x-¢) =e"(x-oVx-¥).
(68): We have that

e () -¥) = e (Fr.p) xe¥(¥) = (U (earsa)” (so)) xet(y) L U ((easa)™ () x €™ (1))
acA acA
=U (ewa )k (egsa) T (¢)) as z ¢ FV (1), hence (eza)’ (1) = T (1))
acA
= U ea:'—m <P 1/) =€ (3$<P1/1)
acA

(68): We have that

et (- (Fe.p) = et (W) xet (Bap) = e* (U €arsa)” )“”U(eﬂw*(emﬁ(w))

acA acA

= U ((eoma) " @)+ em+<so>) as @ ¢ FV(1), hence (easa)® (9) = ' (1)

acA

= U (eama) " (@ 0) = e*(Bztp- ).

a€A

Proposition 3.89. For all patterns ¢, ¥, X,
FlpAy)-x =@ XAy X, (70)
FX-(pAY) = x-pAX-, (71)
F(Vz.p) - > Voo ifx g FV(Y), (72)
Evy-(Vep) = Vaap-@o ifc g FV(Y). (73)
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Proof. Let (A, e).
(70): We have that et ((p A1) - x) = eT(p Ap) xet(x) = (eT(p) Net () xet(x) C (et (p) *
et())N(et (@) xet(x) =et(p-x)Net (P -x) =et(p-x AP X). o

(71): We have that 6*()))( (A1) = et (X)*et(p A) = et (x) * (e () Net () C (et (x)x

et () N (e*(x) e ( Tx-e)net(x-v) =ef(x-eAx-1Y).
(72): We have that

(8

(12)

e (Va.p) - 1) = eF (Vo) x et () = (ﬂ (exrsa)” (@)) x et (1) € [ (exma)™ (0) x e (1))
acA a€A
= () (o)™ ()% (amsa) ™ (1)) a5 @ ¢ FV(0), hence (eqma)” () = €* ()
acA
= [ (o) (9 0) = " (Va0 - )
acA
(72)
(- (Vo) = e (1) % e (Vag) = ¢ (m o) ) N W) * ) )
acA acA
-N (ewa (eara +(<p)) as o ¢ FV(¥), hence (eaqsa)’ (¥) = et (4)
acA
—ﬂ 63:'—>a 1/)90—6 (VLE@/} 4,0)
acA

3.15.1 K

Proposition 3.90. For all patterns ¢, ¥, X,

o= Fix-@e =X, (74)

e Frx-o o X, (75)

poY Fro-x =YX, (76)

poY FLox oYX, (77)

=Y Fx Y =X, (78)

e Frx e X e, (79)

o= B x = o X, (80)

oy B x o e x (81)

Proof. Let (A, e).

(74): Assume that A F (¢ — v¥)[e], hence et (p) C et (). It follows that e (x - ¢) = e (x) *

e+ () © () x et () = e*x - ), hence AF (x- o = x - $)[e].

(75): Assume that A F (p <> ¥)[e]. Then, by Proposition 3.8.(xi), AF (¢ — ¢)[e] and AF (¢p —

©)[e]. Apply now (74) to get that A F (X o= x-Y)le] and AE (x-¢ — x - ¢)[e], hence, by

applying again Proposition 3.8.(xi), AE (x - ¢ <> x - ¥)[e]

(76): Assume that A F (¢ — v)[e], hence et (p) C et (¢0). It follows that et (¢ - x) = eT(p) *
(14)

e+ (x) 'C e () x et (x) = (- x), hence AF (9 x - - y)[e].

(77): Assume that A F (¢ <> ¥)[e]. Then, by Proposition 3.8.(xi), AF (¢ — ¢)[e] and AF (¢p —

©)[e]. Apply now (76) to get that AE (¢ -x — ¥ - x)e] and AE (¢ - x = ¢ - x)[e], hence, by

applying again Proposition 3.8.(xi), AFE (¢ - x <> ¥ - x)[e].
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(78): Assume that A F (¢ — ¥)[e], hence et (p) C et (). It follows that et (x - 1) = et (x) *

16
eH () = () ¥ Cae™(8) € ¢ (x) % Cac* () = e* (x - ~p), hence AF (x -~ x- =)l
(79): Assume that A FE (¢ <> ¥)[e]. Then, by Proposition 3.8.(xi), AE (¢ — ¢)[e] and AF (¢p —
©)[e]. Apply now (78) to get that AE (x -~ — x - —p)[e] and AE (x - —¢ — x - —¢)e], hence,
by applying again Proposition 3.8.(xi), AE (x - ¢ < x - —p)[e].
(80): Assume that A F (¢ — 9)[e], hence e () C et (¢)). It follows that e (=) - x) = et () *

16
() = Cact (W) x () '© Cact(p) e () = e (op) % e (x) = ¢t (= ), hence A b
(= - x = = x)[e].
(81): Assume that A E (¢ <> 9)[e]. Then, by Proposition 3.8.(xi), AE (¢ — v¥)[e] and A E (¢p —
©)[e]. Apply now (80) to get that AE (= - x = —¢ - x)[e] and AE (—g - x = = - x)[e], hence,
by applying again Proposition 3.8.(xi), A F (=9 - x <> =@ - x)[e]-

O
Proposition 3.91. Let I' be a set of patterns and ¢, ¥, x be patterns. Then
L'k o — implies TE - x =9y, (82)
LEy o<1 implies TE o -x < Y-, (83)
LE o — v dmplies TE x-o— x-, (84)
LE, oo implies TE x-o+ x-v, (85)
LE o —v implies TFE x-—%— x- -, (86)
Lk, o<1 implies TE x-—Y <+ x- -, (87)
F'E o—v implies TE —Y-x— —p-x, (88)
FE o<1 implies TFE - -x+ —p-x. (89)
Proof. Apply Proposition 3.90 and Lemma 3.41.(i). O

3.15.2 K,

Proposition 3.92. For all patterns ¢, ¥, X,

=Y Fgx-p— X1, (
PP Fgx-p e X, (
=Y Fgp-x =YX, (
oY Fgp-x oYX, (93
=Y Fgx- = x- e, (
PP Fyx- o x e, (
o= Fghx = e, (
PP Fgpx o o X (
Proof. Apply Proposition 3.90 and Proposition 3.27.(i). O

Proposition 3.93. Let I' be a set of patterns and ¢, 1, x be patterns. Then

I'Eyo—=1v dimplies TE;p-x =X, (98)
FE,p <9 implies TE @ -x Y- X, (99)
FE,p—vY implies T'Egx-¢— x-1, (100)
F'Ey oo implies TE;x-@ < x-, (101)
FE,p =9 implies TFEyx -~ — x- o, (102)
TE,p <9 implies TFEyx -+ x- o, (103)
I'Ey o= implies T'Eg - x = @ X, (104)
TE, o<t implies TE; - x4 —p-X. (105)
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Proof. Apply Proposition 3.92 and Lemma 3.34.(i). O

3.16 Contexts
Proposition 3.94. Let C be a context, ¢ be a pattern, and (A, e).

et (p) if C =0,
et (Clel) = et (Culp)) x et (v) if C = ApplaCry, (106)
et(@)xet(Cilgl) if ApployCh.

Proof. Apply Proposition 2.59. We have the following cases:
(i) ¢ =0. Then Cly] = ¢, so0 et (Clp]) = et ().
(i) € = ApplnCiy. Then Clp] = Cilp] - ¢, hence e (Cp]) = e™(Cilp]) x €™ ().
(iii) C = ApployCi. Then Clp] = 1 - Ci[g], hence et (Clp]) = et () x e (Ci[¢)).

O
Proposition 3.95. Let C be a context and ¢, ¥ be patterns.
Cl] (107)
[wvw]HC[ VY, (108)
C3z.¢] < 32.Clp] ifx ¢ FV(C), (109)
Cle Ayl = Cle] AC[Y], (110)
CVx.@] = Ve.Clp] ifx ¢ FV(C). (111)

Proof. (107): The proof is by induction on contexts:
(i) C =0. Then C[L] = L. Apply (40).

(ii) C = ApplnCiy and, by the induction hypothesis for Cy, £ Cy[L] + L. Since C[L] =
C1[L] -, we can apply (93) to get that C[L] <> L F, C[L] <> L -4 and Remark 3.19.(i) to
get that F C[L] +» L -. Hence, by (65) and (42), it follows that F C[L] «+ L.

(ili) C = ApployC; and, by the induction hypothesis for Cy, £ Cy[L] + L. Since C[L1] =
- C1[L], we can apply (91) to get that Ci[L] +» L F, C[L] <+ ¢ - L and Remark 3.19.(i) to
get that F C[L] <> ¢ - L. Hence, by (64) and (42), it follows that F C[L] <> L.

(108): The proof is by induction on contexts:
(i) € =0. Then Clp V] = oV = Clp] V C[]. Apply (40).

(ii) C = ApploCix and, by the induction hypothesis for Cy, F C1[p V] > Ci[p] V C1[¢)]. Since
CleVvy] = Cilp V ¥)-x, we can apply (93) to get that C1[pVy] <> Cilp]VCi[Y] Fy CleViy] <>
(C1lp] V C1[¥]) - x and Remark 3.19.(i) to get that E Clp V¢] <> (Cie] V C1[¢]) - x. Hence,
by (66) and (42), it follows that E Clp V ] <> Ci[p] - x V Calp] - x = Clp] V C[].

(iii) C = ApploxCi and, by the induction hypothesis for C1, E Ci[p V¥ + Ci[p] V Ci[¢]. Since
ClpVy] = x-Cilp V 9], we can apply (91) to get that Cq[pVy] < Cilp]VCi[Y] Fy CleVi] <>
X - (C1e] vV C1[9]) and Remark 3.19.(i) to get that £ Clo V4] <> x - (Ci[e] V C1[¢]). Hence,
by (67) and (42), it follows that F Clp V 9] <> x - Ci[¢] V x - Ca[e] = Clp] V C[].

(109): The proof is by induction on contexts:
(i) € =0. Then C[3z.¢| = Jz.o = Fx.Clp]. Apply (40).
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(ii) C = ApplpCi¢. Asx ¢ FV(C) and, by Definition 2.64, FV(C) = FV(C1)UFV (¢), we have
that « ¢ FV(C), so we can apply the induction hypothesis for Cy to get that F Cq[3z.¢] <>
Jx.C1[y]. Since C[3x.¢] = C1[Fx.]-1, we can apply (93) to get that Cy[Fx.¢] <> F2.Ci[y] Fy
C3z.¢] < (F2.C1[y]) - ¢ and Remark 3.19.(i) to get that F C[Ix.¢] <> (3z.C1[g])-¢. Hence,
by (68) and (42), it follows that F C[Jz.¢] > Jx.Cip] - ¢ = F2.Clyp].

(iii) C = ApplgyCy. Asxz ¢ FV(C) and, by Definition 2.64, FV(C) = FV(C1)UFV (p), we have
that « ¢ FV(Cy), so we can apply the induction hypothesis for C; to get that E Ci[Jz.¢] <
Jz.C1[¢]. Since C[3z.¢] = 9-Ci[Fx.¢], we can apply (91) to get that Cy[Fz.¢] <> Fz.Ci[y] F,
C3z.¢] <> - (32.C1[p]) and Remark 3.19.(i) to get that F C[3z.¢] <> ¢ - (Fx.C1[yp]). Hence,
by (69) and (42), it follows that F C[3z.¢] <> Fz.9p - C1[ep] = Fx.C[y)].

(110): The proof is by induction on contexts:
(i) ¢ =0. Then Clp AY] = ¢ Ay = Clp] A C[¢]. Apply (40) and Remark 3.14.(iii).

(ii) C = ApplgCix and, by the induction hypothesis for Cy, F Ci[p AY] — C1[p] A C1[)]. Since
Cleny] = Cilp A ] -x, we can apply (92) to get that C1[pAY] — Ci[p]AC1[Y] Fy Clpnd] —
(Cile] A C1[¥)) - x and Remark 3.19.(i) to get that E Clo Av] — (Ci[¢] A C1[¥)]) - x. Hence,
by (70) and (43), it follows that F Clp A Y] = Cilp] - x A Ca[¢] - x = Clp] A C[].

(iii) C = ApploxCi and, by the induction hypothesis for C1, E Ci[p A] — Ci[o] ACy[]. Since
Clpny] = x-Cilp A 9], we can apply (90) to get that Cy [pAY] — C1{p]AC1[Y] Fy CloAy] —
X - (C1]p] A C1[]) and Remark 3.19.(i) to get that F Clp Ay] — x - (Cilp] A C1[¢]). Hence,
by (71) and (43), it follows that F Clp A Y] = x - Ci[@] A x - Ca[)] = Clp] A C[].

(111): The proof is by induction on contexts:
(i) ¢ =0. Then CVz.¢] = Va.o = V2.C[p]. Apply (40) and Remark 3.14.(iii).

(ii) C = ApplnCiy. Asx ¢ FV(C) and, by Definition 2.64, FV (C) = FV(C1)UFV (y), we have
that « ¢ FV(Cy), so we can apply the induction hypothesis for C to get that E Cy[Vz.p] —
Vz.Cy[p]. Since C[Vx.¢] = C1[Va.@]-9, we can apply (92) to get that C1[Vz.] — Va.Cilp] Fy
CVx.@] — (Vz.C1[g]) -9 and Remark 3.19.(i) to get that F C[Vz.¢] — (Vz.Cy[p]) 1. Hence,
by (72) and (43), it follows that F C[Vz.p] — Va.Ci[p] - ¢ = Va.Clep].

(iii) C = ApployCy. Asxz ¢ FV(C) and, by Definition 2.64, FV(C) = FV(C1)UFV (p), we have
that « ¢ FV(C1), so we can apply the induction hypothesis for Cy to get that F Cy[Vz.o] —
Va.Ch[g]. Since CVz.¢] = ¢-C1[Va.p], we can apply (90) to get that C1[Vz.p] = Va.Cy[p]
CVx.@] = - (Va.C1[p]) and Remark 3.19.(i) to get that E C[Vx.p] = ¢ - (Va.C1[p]). Hence,
by (73) and (43), it follows that F C[Vz.¢] = Va.9) - Ci[p] = Va.Clp].

O
3.16.1 K,
Proposition 3.96. Let C' be a context. Then for every patterns, p, ¥,
¢ =¥ F Clol = C[Y], (112)
@ < B Clp] < ClY. (113)

Proof. (112): Let (A, e) be such that AF (¢ — 9)[e]. We prove that A E (Clg] — C[¢])[e] by
induction on C.

(i) C =0. Then Clp] — C[Y] = ¢ — ¢ and the conclusion is obvious.

(ii) C = ApplgCix. By the induction hypothesis, we have that A E (C[¢] — C1[¢])[e]. Apply
now (76) to get that AF (Ci[¢] - x = C1[¥] - x)le], that is A E (Ce] — C[¥])[e]-
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(ili) C = ApploxC1. By the induction hypothesis, we have that A = (C1[¢] — C1[¢])[e]. Apply
now (74) to get that AF (x - Ci[¢] — x - C1[¥])[e], that is A E (Clg] — C[¥])]e]-

(113): Apply (112) and Proposition 3.8.(xi). O

Proposition 3.97. Let C be a context, I be a set of patterns and p, 1 be patterns. Then

T'E o — implies T F; Clp] — C[Y], (114)
TE o< implies T E; Clp] < C[Y]. (115)
Proof. Apply Proposition 3.96 and Lemma 3.41.(i). O

3.16.2 K,

Proposition 3.98. Let C be a context. Then for every patterns, o, ¥,

= Fy Clyp] = Cly], (116)
p < Fy Clg] < ClY]. (117)
Proof. Apply Proposition 3.96 and Proposition 3.27.(i). O

Proposition 3.99. Let C' be a context, T' be a set of patterns and ¢, 1 be patterns. Then

'y —1Y implies T E, Clp] = ClYl, (118)
I'Ey o<1 amplies T E, Clp| < ClY]. (119)
Proof. Apply Proposition 3.98 and Lemma 3.34.(i). O

3.16.3 (Singleton Variable)
Lemma 3.100. Let C be a context and ¢ be a pattern. Then for every (A, e),
et (o) =0 implies et (Cly]) =

0
Proof. Since et(¢) = 0 = et (L), we have that A E (¢ <> L)[e]. Apply (113) to get that
A E (Clp] + C[L))[e], so et (Clp]) = et (C[L]). As, by (107), E C[L] < L, it follows that
et (C[L]) = et(L) = 0. Thus, we have got that e™ (C[p]) = 0. O

Proposition 3.101. For every contexts C1, Co, pattern ¢ and element variable x,
E = (Cilz A @] A Colx A —g)). (120)

Proof. Denote 6 = C1[z A @] A C2lx A —¢]. Let (A, e). We have to prove that A E (—60)[e], that is
et(—0) = A, hence that e™(0) = ). We have two cases:

(i) e(z) € et(p). Then et(z A —p) = et (x) Net(—p) = {e(x)} N Caet(p) = 0. Apply
Lemma 3.100 to get that et (Calz A —¢]) = 0. It follows that et (0) = et (Cilz A ¢]) N
et (Colz A=p]) = eF (Cilz Ap]) N0 = 0.

(i) e(x) ¢ et (¢). Then et (x A ) = {e(z)} Net(p) = et (z) Net(p) = 0. Apply Lemma 3.100
to get that et (Ci[z A ¢]) = 0. Tt follows that e (0) = et (Ci[z A ]) N e (Colz A —yp]) =
DNet(Colz A —¢]) = 0.

O

3.17 Set variables
Let I" be a set of patterns.
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3.17.1 k,

Proposition 3.102. Let ¢, be patterns and X be a set variable such that X is free for i in p.
Then

@ Eq Subf .

Proof. Let A be a model of ¢ and e be an arbitrary A-evaluation. We have to prove that A F
Subfjfap[e]. By Proposition 3.76, we have that e"‘(Subffgo) = (eXHe+(1¢,))—Ir (p). Since A E ¢, we
have in particular that A F ¢[ex e+ (). Thus, AF Subflfga[e}. O

Proposition 3.103. Let T'U {p, ¥} be a set of patterns and X be a set variable such that X is
free for 1y in p. Then

I'kEy ¢ implies Fq Subffcp.
Proof. Apply Proposition 3.102 and Lemma 3.34.(i). O

Proposition 3.104. For all patterns p, 1 and any set variable X,

YFg px ().

Proof. We have the following two cases:

(i) X is free for ¢ in ¢. Then px(¢) = Subffcp, so we apply Proposition 3.102 to get the
conclusion.

(ii) X is not free for ¢ in . Then ¢ x(¢) = Subff& with

0 = Subby! Subby? ... Subby” Subb’; Subb¥ ... Subb™ e,
where

(a) u1,...,ux are the element variables and Uq,...,U, are the set variables that occur
bound in ¢ and also occur in ¥;

(b) z1,...,2, are new element variables and Z1,..., Z, are new set variables, that do not
occur in ¢ or 1.

Applying repeatedly Propositions 3.74, 3.78, we get that

0o (121)

Let A be a model of ¢. By (121), we get that A E 0. Apply Proposition 3.102 (with ¢ = 0)
to get that A F Subfjf@ = px (V).

O
Proposition 3.105. For all patterns o, 1,
TE, ¢ impliesEy ox ().
Proof. Apply Proposition 3.104 and Lemma 3.34.(i). O
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3.18

Proposition 3.106. Let ¢ be a pattern and X be a set variable such that ¢ is positive in X and
X is free for uX.p in p. Then

F Subfy @ < nX.. (122)

Proof. Let (A, e). We have that

et (Subffx.ww) = (eXHe+(#X_¢))+ (¢) by Proposition 3.76
= et (uX.¢) by Proposition 3.81.(i)

3.18.1 K

Proposition 3.107. Let ¢, be patterns and X be a set variable such that X is free for 1 in p.
Then

Subfy o — 1 pX.p — 1.
Proof. Let (A, e) be such that A & (Subf\¢o — )[e], so e* (Subfjf(p) C eT (). By Propo-

sitions 3.76, we have that et (Subffgo) = (eXr—>e+(w))+ (p). We get that (eXHe+(¢))+ (p) C
et (), hence et (1) € {BC A | (ex5)" (p) C B}. It follows that

e (uX.p) =B S Al (exmn)" (9) € B} C e(4),
so AE (uX.o = ¢)[e]. O

Proposition 3.108. Let T'U {p, ¥} be a set of patterns and X be a set variable such that X is
free for ¥ in ¢. Then

I'F Subf@— 1 implies TE pX.p— 1.

Proof. Apply Proposition 3.107 and Lemma 3.41.(i). O
3.18.2 F,
Proposition 3.109. Let ¢, be patterns and X be a set variable such that X is free for ¥ in .
Then

Subf ¢ — 1 g nX.0 — 1.
Proof. Apply Proposition 3.107 and Proposition 3.27.(i). O

Proposition 3.110. Let T'U {p, ¥} be a set of patterns and X be a set variable such that X is
free for 1y in p. Then

I'F, Subffcp — 1 implies T'Fg uX.o — .

Proof. Apply Proposition 3.109 and Lemma 3.34.(i). O
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4 Proof system

Let 7 = (EVar, SVar,%) be a signature.
We present in the sequel a Hilbert type proof system for AML, that we denote P, obtained by
combining the ones from [1] and [1]. P is also given in Section C.

Definition 4.1. The axioms of P are the following patterns

(TAUTOLOGY) ¢ i @ is a tautology

(3-QUANTIFIER) Subfyp — 3z if x is free for y in ¢

(PROPAGATION | ) p-l—1 lp—1

(PROPAGATIONY) (Vi) x—=e-xVi-x  x-(eVY)=x-oVx-¥

(PROPAGATIONS) (Fx.p) - — Tz - P, Y- (Fx.p) =z - @
ifx & FV(1)

(PRE-FIXPOINT) Sub ,i(x.w@ — uX.o if ¢ is positive in X

and X s free for uX.p in
(EXISTENCE) dr.z,

(SINGLETON VARIABLE) —(Ci[z A o] A Calz A —]).

Definition 4.2. The deduction rules (or inference rules) of P are the following:

(MODUS PONENS) WJ

(3-QUANTIFIER RULE) % if x & FV(¢)

(FRAMING) Py vy
P-X =YX X = XY

(SET VARIABLE SUBSTITUTION) LX if X is free for ¢ in ¢
Subf e
Subff(p —

KNASTER-TARSKI ————— if X is free for ¢ in

( ) Xoo o0 @

Thus, we have two types of inference rules:
(1) 2 . This inference rule is read as follows: from ¢ infer x. ¢ is said to be the premise of the

X
rule and x is the conclusion of the rule.

(ii) M This inference rule is read as follows: from ¢ and ) infer x. ¢ and ¢ are said to be

the premise of the rule and y is the conclusion of the rule.

Let I" be a set of patterns.
We say that a

Definition 4.3. The I'-theorems are the patterns inductively defined as follows:
(i) Every axiom is a T'-theorem.

(ii) Every pattern of T is a T'-theorem.
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(i4i) For every inference rule, the following holds: If its premises are I'-theorems, then its conclu-
sion is a I'-theorem.

(iv) Only the patterns obtained by applying the above rules are T'-theorems.

Definition 4.4. [Alternative definition for T'-theorems]
The set of I'-theorems is the intersection of all sets A of patterns that have the following prop-
erties:

(i) A contains all the axioms.
(i) A contains all the patterns from T, that is T C A.

(iii) For every inference rule, the following holds: If A contains its premise(s), then its conclusion
is also in A.

The set of I'-theorems is denoted by Thm(I'). If ¢ is a I'-theorem, then we also say that ¢ is
deduced from the hypotheses T'.
As an immediate consequence of Definition 4.4, we get the induction principle for I'-theorems.

Proposition 4.5. [Induction principle on T'-theorems ]
Let A be a set of patterns satisfying the following properties:

(i) A contains all the axioms.
(i) T C A.

(iii) For every inference rule, the following holds: If A contains its premise(s), then its conclusion
is also in A.

Then Thm(T") C A.

Notation 4.6. Let I', A be sets of patterns and ¢ be a pattern. We use the following notations
'y = ¢ isal-theorem.

Fe = 0ko,
'FA & T Foforany p € A.

Definition 4.7. A pattern ¢ is called a theorem if F .
Proposition 4.8. Let I', A be sets of patterns.

(i) Assume that A CT'. Then for every pattern ¢, Thm(A) C Thm(T), that is
A F ¢ implies T+ .
(it) For every pattern @, Thm(0) C Thm(T), that is
F @ implies T' = .
(iwi) Assume that T'+= A. Then for every pattern ¢, Thm(A) C Thm(T), that is
A implies T' - .
(iv) For every pattern ¢, Thm(Thm(T')) = Thm(T'), that is
Thm(T)F @ iff TF .

Proof. (i) As A C T, one proves immediately by induction on A-theorems that Thm(A) C
Thm(T).
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(ii) Apply (i) with A = 0.

(iii) As, by hypothesis, A C Thm(T"), one proves immediately by induction on A-theorems that
Thm(A) C Thm(T).

(iv) < As, by (ii), I' € Thim(I"), we can apply (i) to get that Thm(I') C Thm(Thm(T)).

= We have that ' = Thm(T'), so we can apply (iii) with A = Thm(T') to get that
Thm(Thm(T)) € Thm(T").
O

4.1 TI'-proofs

Definition 4.9. A T-proof (or proof from the hypotheses T') is a sequence of patterns
01, ...,0" such that for alli € {1,...,n}, one of the following holds:

(i) 0% is an aziom.

(ii) 6" € T.

(iii) % is the conclusion of an inference rule whose premise(s) are previous pattern(s).
An O-proof is called simply a proof.

Definition 4.10. Let ¢ be a pattern. A I'-proof of ¢ or a proof of ¢ from the hypotheses
' is aT-proof 0, ..., 0™ such that 6" = .

Proposition 4.11. For any pattern ¢,
'ty iff there exists a T'-proof of .

Proof. Let us denote © = {p € Pattern | there exists a I'-proof of ¢}.
= We prove by induction on I'-theorems that Thm(I') C ©:

(i) ¢ is an axiom or a member of I'. Then ¢ is a I'-proof of . Hence, ¢ € ©.
(ii) Let i be an inference rule such that 1 € ©. Then there exists a I-proof §,...,0" = 1) of
¥$
. It follows that 6',...,0" =, 0" +! = ¢ is a I-proof of ¢. Thus, ¢ € O.
v X

(iii) Let be an inference rule such that 1, ¥ € ©. Then there exist a I-proof 8, ...,0" = o

¥
of ¢ and a I'-proof 6!, ...,d7 =y of x. It follows that 0,...,0" =, 07Ftt =§1 ... 0"TP =
O = x,0"tP+l = o is a T-proof of ¢. Thus, ¢ € O.

< Assume that ¢ has a T-proof ', ...,6" = . We prove by induction on i that foralls =1,...,n,
I'F 6'. As a consequence, I' - 6" = o.

(i) i = 1. Then #* must be an axiom or a member of I'. Then obviously T' - §!.

(i) Assume that the induction hypothesis is true for all j = 1,...,4. If #*T! is an axiom or a

member of T, then obviously I'  §°*1. Assume that 671! is the conclusion of an inference
. . . 65
rule whose premise(s) are previous pattern(s). If the inference rule is of type —— with j < i,

4 gi+1

then by the induction hypothesis we have that I' - 7. By the definition of I'-theorems, it
A i ok

follows that T' - 61, If the inference rule is of type e with 7,k < 4, then by the

induction hypothesis we have that I' - 67 and T' F #*. By the definition of I-theorems, it
follows that T' - @%+1,

O
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4.2 Derived rules

In the sequel we present different rules that will help us in proving I'-theorems. These rules are
of the form

If Ay, As, ..., A, (n>1) hold, then B holds.

A Ay ... A,
5 .

and will be written as

Let I" be a set of patterns.

Proposition 4.12. For every patterns o, 1,

Ty Elpo

Ty (123)
Proof.

(1) T ko hypothesis

(2) Fo<y (TAUTOLOGY): hypothesis

(3) Flo+ )= (@—19Y) (TAUTOLOGY): (24)

O

(4) Fo— (MODUS PONENS): (2), (3)

B) T' Fp—2 Proposition 4.8.(ii)

6) T' Fo (MODUS PONENS): (1), (5).

5 Soundness Theorem

5.1 F,

We consider the proof system
P=. = P — {(3-QUANTIFIER RULE), (FRAMING), (SET VARIABLE SUBSTITUTION), (KNASTER-TARSKI)}.
Theorem 5.1. Let I'U {¢} be a set of patterns. Then

T'F ¢ implies T Fy .

Proof. Let us denote © = {¢ € Pattern | T' E, ¢}. We prove that Thm(I') C © by induction on
I'-theorems.

Axioms:

(TAUuTOLOGY): By Proposition 3.66 and Remark 3.47.(ii).
(3-QUANTIFIER): By (34) and Remark 3.47.(ii).
(PROPAGATION ): By (64), (65) and Remark 3.47.(ii).
(PROPAGATIONy ): By (66), (67) and Remark 3.47.(ii).
(PROPAGATION3): By (68), (69) and Remark 3.47.(ii).
(PRE-FIXPOINT): By (122) and Remark 3.47.(ii).
(EXISTENCE): By (47) and Remark 3.47.(ii).

(SINGLETON VARIABLE): By (120) and Remark 3.47.(ii).

Rules:
(MODUS PONENS): Assume that ¢, — ¢ € ©, hence I' E, p and T' F; ¢ — 9. Apply (51) to get
that ' B, 9, hence ¢ € ©. O
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5.2k

We consider the proof system
P=, = P — {(3-QUANTIFIER RULE), (SET VARIABLE SUBSTITUTION)}.

Theorem 5.2. Let T'U{p} be a set of patterns. Then
' implies T' F; .

Proof. Let us denote © = {p € Pattern | ' F; ¢}. We prove that Thm(T') C © by induction on
I’-theorems.

Axioms:
If ¢ is an axiom, we have by Theorem 5.1 that I F; ¢. Apply now Proposition 3.53 to get that
I'F; ¢, hence ¢ € ©.

Rules:

(MODUS PONENS): Assume that ¢,% € ©, hence I' F; ¢ and T' F; ¢ — 1. Apply (55) to get that
' E; 9, hence ¥ € O.

(FRAMING): Assume that ¢ — ¢ € ©, hence ' E; ¢ — 1. Apply (82) to get that T'F; p-x — ¥-x,
hence ¢ - x = ¥ - x € ©, and (84) to get that T F; x - ¢ — x - ¥, hence x - — x -9 € O.
(KNASTER-TARSKI): Assume that X is free for ¢ in ¢ and that Subff(p — 1 € O, hence T' F;
Subfjfgo — ). Apply Proposition 3.108 to get that I' F; uX.o — 1, hence uX.p — 1 € . O

5.3 F,
Theorem 5.3. Let T'U{p} be a set of patterns. Then

' implies T' Fg .

Proof. The proof is by induction on I'-theorems.

Axioms:
If ¢ is an axiom, we have by Theorem 5.1 that " F, ¢. Apply now Proposition 3.53 to get that
I' B4 ¢, hence ¢ € O.

Rules:

(MODUS PONENS): Assume that ¢,1 € ©, hence I' £, ¢ and I' gy ¢ — 1. Apply (59) to get that

I' g %, hence ¢ € ©.

(3-QUANTIFIER RULE): Assume that ¢ ¢ FV(¢) and ¢ — ¢ € ©, hence I' F, ¢ — 9. Apply (63)

to get that I' kg Jz.¢0 — 9, hence dz.¢p — ¢ € O.

(FRAMING): Assume that ¢ — 1 € ©, henceI' F, ¢ — 1. Apply (98) to get that I' =y ¢-x — -,

hence ¢ - x = ¢ - x € ©, and (100) to get that ' Fy x - ¢ — x - ¢, hence x - p = x - ¢ € ©.

(SET VARIABLE SUBSTITUTION): Assume that X is free for ¢ in ¢ and ¢ € ©, hence I' F, o.

Apply Proposition 3.105 to get that I' Fy Subfjfcp, hence Subffgo € 0.

(KNASTER-TARSKI): Assume that X is free for ¢ in ¢ and that Subfzfgo — 1 € O, hence

'R, Subffga — 1. Apply Proposition 3.110 to get that I' F, uX.¢o — ¢, hence uX.¢ — ¢ € ©.
O
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A Set theory

Let A, B be sets. We use the following notations:
(i) AU B for the union of A and B.
(ii) AN B for the intersection of A and B.

(iii) A\ B for the difference between A and B.

)
)
)
(iv) AAB for the symmetric difference of A and B.
(v) 24 for the powerset of A.

(vi) CaB for the complementary of B, when B C A.

(vii) Fun(A, B) for the set of functions from A to B.

(viii) A™ for the set A x A x ... x A, where n > 2.

Let f : A — B be a mapping. For every C C A, we denote by f|c the restriction of f to C. Thus,
fle : € = B, (flc)(@) = f(x) for every z € C.

A.1 Expressions over a set

An expression over A is a finite sequence of elements from A. We denote an expression over
A of length n € N* by ajas...a,, where a; € A for every i = 1,...,n. The empty expression
(of length 0) is denoted by A. The concatenation of exoressions over A is defined as follows: if
a=ai...a, and b=>5b1...bg, then ab=ay...a,by...bg.

Let a = apay .. . a, be an expression over A, where a; € A for alli =0,...,k — 1.

(i) If 0 <i < j <k —1, then the expression q;...a; is called the (i, j)-subexpression of a.

(ii) We say that an expression b occurs in a if there exists 0 <14 < j < k — 1 such that b is the
(i, j)-subexpression of a.

(iii) A proper initial segment of a is an expression apay . ..a;, where 0 <i <n — 1.

A.2 Set-theoretic properties used in the lecture notes
Proposition A.1. Let A, B,C, D be sets. Then

B CC and BC D implies BC CnND (124)
A\B=0if ACB (125)
AU(BUC)=(AUB)UC, (126)
AU(BNC)=(AUB)N(AUC), (127)
AN(BUC)=(ANB)U(ANC), (128)
(AND)U(BNC)=(AuB)N(AUC)N(DUB)N(DUCOC), (129)
(AuD)N(BUC)=(AnB)U(BNC)U(DNB)U(DNC), (130)

AAB =10 iff A=B, (131)
A\CC(A\B)U(B\C) (132)
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Proposition A.2. Let B,D C A. Then

BUCAB = A,
CA(CaB) = B
Ca(BUD) =CaBNCuD
Ca(BND)=C4BUC4D
CA(CABUCAD) =BnND
B\ D = BnC4D,
Ca(B\D)=CaBUD
BC D iff CAaD C CAB
CaB=0iff B=A
CaB=Aiff B=10,
Ca(B\D)NCa(D\ B) = Ca(BAD)

A.3 Families of sets

Let (B;)ier be a family of subsets of A.
Remark A.3. If I =0, then (;c; B; = A.

Proposition A.4.

Ca (U Bi> =) CaB:

icl icl
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B Knaster-Tarski Theorem

In the sequel A is a nonempty set.

Definition B.1. A mapping F : 24 — 24 is said to be monotone if for every B,C C A,
BCC implies F(B)C F(C).

Theorem B.2 (Knaster-Tarski [10]).
Let F : 24 — 24 be a monotone function. Then F has a unique least fixpoint uF and a unique
greatest fixpoint vF, given as:

pF =(\{B < A|F(B)C B}, vF=| {BC A|BC F(B)}.
We call B a pre-fizpoint of F whenever F(B) C B and a post-firpoint of F whenever B C F(B).
Thus, if F: 24 — 24 is monotone, then F(uF) = puF, F(vF) = vF and for every B C A such

that F(B) = B,
uwEF C B CUuF.
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C AML proof system P

(TAUTOLOGY) @ if ¢ is a tautology
(3-QUANTIFIER) Subfjp — 3w if zis free for y in ¢
(MODUS PONENS) w
(3-QUANTIFIER RULE) oY ifx g FV(¢)
Jz.o =
(PROPAGATION | ) p-Ll—=1 Ll.p—=1
(PROPAGATIONY) (pVi)-x =@ xVi-x x-(eV) = x-@Vx ¢
(PROPAGATIONZ) (Fz.p) - = Fzp - Y- (Frp) = Jzap-p fxd FV(Y)
=Y =Y

(FRAMING)
p-X =YX X=X

(SET VARIABLE SUBSTITUTION) LX if X is free for ¢ in ¢
Subf e
(PRE-FIXPOINT) Subffx_wga — uX.p if p is positive in X and X is free for uX.@ in ¢
SubfXp —
(KNASTER-TARSKI) M if X is free for ¢ in ¢
pX.o =9
(EXISTENCE) Jo.x
(SINGLETON VARIABLE) =(Chlz A @] A Coz A —¢))

Figure 1: Proof system P for AML
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